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Abstract
Continuing the work in [7] we complete the combinatorial description of the point-line
collinearity graph of the characteristic 2 minimal parabolic geometry for the Baby Monster
simple group.
r 2004 Elsevier Inc. All rights reserved.
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Let G be the point-line collinearity graph of the rank 4 geometry G which satisﬁes
the conditions listed in (2.1) of [7]. The aim of the present paper is to complete the
investigation, begun in [7], into the structure of G: We refer the reader to [7],
whose section numbering we continue, for the statements of the main results
and the notation we shall be using here. We remark that Sections 2 and 3 contain
most of the tools of the trade. Recall that G is a ﬂag transitive subgroup of Aut G and
that a is a ﬁxed point of G: The ﬁrst two discs of a were scrutinized in [7]; our
progress so far is as follows. Lemma 3.9 together with (2.4) and O(3.1) yield
Theorem 2 while Theorem 4 follows from Theorem 4.8(ii), Lemmas 4.7(iii), 4.10(ii),
4.15(i), (iii) and (2.4). (O(x.y) stands for result (x.y) in [6].) Theorems 3 and 5 are not
yet proved—the remaining case of ½0; 6; 1; 8P for Theorem 3 will be dealt with in
Theorem 5.5. As for Theorem 5, the line orbits ða12; x þ y;þÞ; ða12; x þ y;Þ; ða22; x þ
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y;þÞ and ða22; x þ y;Þ which we have not yet studied will be covered in Sections 5
and 6.
The bulk of our work here is concerned with the third and fourth discs of a: We
now describe the layout of this paper and also brieﬂy discuss how the study of the
Ga-orbits are interrelated. Our overall strategy for analysing the third disc of a may
be viewed as a pincer movement from D13ðaÞ and D32ðaÞ: (The sets DjiðaÞ are deﬁned in
(2.4).) Accordingly in Section 5 we embark upon a study of D13ðaÞ; initially
discovering the size of D13ðaÞ and the structure of Gax for xAD13ðaÞ: It turns out that
D13ðaÞ; given that it is contained in D3ðaÞ; has joins to all Ga-orbits that it
possibly could have. Some of this is veriﬁed in Section 5, but the majority of
the line orbits emanating from D13ðaÞ are dealt with in Section 7. In Section 6 we
move on to consider D23ðaÞ (having convinced ourselves in Lemma 5.6 that
D13ðaÞaD23ðaÞ). Though determining the size of D23ðaÞ as well as showing
that it is a Ga-orbit we are unable at this stage to determine the exact structure of
Gax (for xAD23ðaÞ).This turns out to not be a handicap in our later deliberations, and
in Section 11 we are able, using information provided by the fourth dics of a;
to settle this point. It is in Section 8 that we take our ﬁrst serious look at D3ðaÞ from
D32ðaÞ by examining D43ðaÞ: We discover, in contrast to D13ðaÞ; that Gax (for xAD43ðaÞÞ
has only three orbits on G1ðxÞ: However this bestows certain advantages in that it
gives us tight control on conﬁgurations involving D43ðaÞ points. From D43ðaÞ; in
Section 9, we strike out into the fourth disc by looking at D14ðaÞ: In Section 9
we turn our attention to D33ðaÞ and after a lengthy tussle in Lemma 10.2 and
Theorem 10.3 are able to uncover almost everything about this Ga-orbit. Finally
we tie up the loose ends in Section 11 at which point we see that all the points of G
are accounted for and as a consequence we ﬁnish the proofs of all the theorems
stated in Section 1 apart from Theorem 11. The proof of this theorem is presented in
Section 12.
As we move around G we will utilize our knowledge of D2ðaÞ at other points of G:
Thus we augment our earlier notation as follows. Let x; yAG0 with dðx; yÞ ¼ 2: If
yAD12ðxÞ (respectively yAD22ðxÞÞ; then we use Pðx; yÞ (respectively Sðx; yÞÞ to denote
the set of lines in G1ðxÞ described in Lemma 4.3(iii) (respectively Lemma 4.7(iii)).
Suppose xAD32ðzÞ: Then, by Theorem 4.9, fz; xg> ¼ fyg; say. The line orbits in Gx
are sets of the form ðaij; x þ y; Þ (where  ¼ þ;;73 or 71). From now on, to
further streamline our notation, we shall usually write these sets as ðaij; Þ:
Because of the large number of statements concerning line orbits we end this paper
with an appendix which lists where particular results are proved.
5. The Ga-orbit D
1
3ðaÞ
Lemma 5.1. D13ðaÞ is a Ga-orbit.
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Proof. Let xAD13ðaÞ: By deﬁnition (see (2.4)) there exists cAD22ðaÞ-D1ðxÞ with c þ
xA½0; 30; 1; 32S: Since D22ðaÞ is a Ga-orbit by Theorem 4.4(i) and ½0; 30; 1; 32S is a
Gac-orbit by O(4.2), to prove the lemma it is enough to show that Gac is transitive on
G0ðc þ xÞ\fcg:
There exists bAfa; cg> with c þ bAa3ðc; c þ xÞ because c þ xA½0; 30; 1; 32S: Also
b þ aAa22ðb; b þ cÞ by Lemma 4.3 and Theorem 4.4(ii). Therefore tðb; cÞ ﬁxes a and
interchanges the two points in G0ðc þ xÞ\fcg by Lemma 3.2. Since tðb; cÞAGac we are
done. &
Lemma 5.2. (i) D13ðaÞDD3ðaÞ:
(ii) If xAD13ðaÞ; then aAD13ðxÞ:
Proof. (i) Let xAD13ðaÞ and let cAD22ðaÞ-D1ðxÞ be such that c þ xA½0; 30; 1; 32S: If
D13ðaÞD/ D3ðaÞ; then, by Lemmas 4.10(ii) and 4.15(i), xAD22ðaÞ,D1ðaÞ: But then
Lemma 4.7, Theorem 4.8(ii) and Lemma 4.16 imply c þ xAS; a contradiction. Thus
D13ðaÞDD3ðaÞ:
(ii) Suppose xAD13ðaÞ and again let cAD22ðaÞ-D1ðxÞ be such that c þ
xA½0; 30; 1; 32S: Then there exists bAfa; cg> with bAD22ðxÞ: Since dða; xÞ ¼ 3; we
must have b þ aA½0; 30; 1; 32xS0 (where S0 ¼ fb þ c0jc0Afb; xg>gÞ; whence
aAD13ðxÞ: &
Lemma 5.3. Let xAD13ðaÞ and let cAD22ðaÞ-D1ðxÞ with c þ xA½0; 30; 1; 32S and
fbg ¼ fa; cg>-D22ðxÞ: For each yAfa; cg>\fbg;
(i) yAD12ðxÞ if and only if yAD1ðbÞ; and
(ii) yAD32ðxÞ if and only if yAD22ðbÞ:
Proof. Since D22ðaÞ is a Ga-orbit by Theorem 4.8(i) and ½0; 30; 1; 32S is a Gac-orbit of
G1ðcÞ we may suppose that c þ b ¼ with S as given in
O(4.2) and c þ x ¼ : Then it is easy to check that c þ
yAa12ðc; c þ xÞ if and only if c þ yAa1ðc; c þ bÞ; and c þ yAa3ðc; c þ xÞ if and only if
c þ yAa22ðc; c þ bÞ: &
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Lemma 5.4. Let xAD13ðaÞ: Then there exists a unique point cAD22ðaÞ-D1ðxÞ and a
unique point bAD1ðaÞ-D22ðxÞ: Furthermore bAfa; cg> and c þ xA½0; 30; 1; 32S with
jG0ðc þ xÞ-D13ðaÞj ¼ 2:
Proof. By deﬁnition there exists cAD22ðaÞ-D1ðxÞ with c þ xA½0; 30; 1; 32S : Let b be
the unique point in fa; cg> with c þ bAa22ðc; c þ xÞ: Then b is the unique point in
fa; cg>-D22ðxÞ: We suppose there exists b0AD22ðxÞ-D1ðaÞ with b0ab and argue for a
contradiction. We have
where z and y will be deﬁned later.
(5.4.1) cAD13ðb0Þ:
Since b is the unique point in D22ðxÞ-fa; cg> we must have ceD1ðb0Þ: Assume
cAD32ðb0Þ: So Lemma 4.15 implies that if fy0g ¼ fb0; cg>; then y0Afa; cg>-fb0; xg>:
Thus dða; xÞp2; a contradiction. If cAD22ðb0Þ; b0 is collinear with x0 where x0AG0ðc þ
xÞ\fcg by Lemma 4.16. However x0AD13ðaÞDD3ðaÞ and we again have a contra-
diction. If cAD12ðb0Þ; then by Lemma 4.10 there are seven points in fc; ag>-fc; b0g>
and seven points in fc; b0g>-fb0; xg>; each forming a projective 2-space in the
projective 3-space ﬁxed by Gcb: Therefore fc; ag>-fc; b0g>-fb0; xg>a| and so
dða; xÞp2: With this contradiction (5.4.1) is proved.
By O(4.2) and Lemmas 4.10 and 4.15, x þ cA½0; 30; 1; 32b0S : Let z be the unique
point in fb0; xg>-D22ðcÞ: Then x þ zAa22ðx; x þ cÞ and xAD22ðbÞ implies that x þ
zA½1; 20; 10; 32bS,½0; 30; 1; 32bS:
(5.4.2) x þ zA½0; 30; 1; 32bS and zAD13ðbÞ:
Suppose, for a contradiction, that x þ zA½1; 20; 10; 32bS : So zAD32ðbÞ by
Lemma 4.15(iii). Let fdg ¼ fx; bg>: Then Lemma 4.15(ii) implies that
dAfb; xg>-fz; cg>: So we have dAD1ðcÞ; aAD13ðxÞ (by Lemma 5.2) and b þ
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aA½0; 30; 1; 32xS: Hence dAD12ðaÞ by Lemma 5.3. If aAD12ðzÞ,D22ðzÞ then
Lemmas 4.12(ii) and 4.15(ii) give dAD1ðaÞ; a contradiction. Hence aAD32ðzÞ:
However, using Lemma 4.12(ii) again yields dAD1ðb0Þ because dAD12ðaÞ; zAD32ðaÞ
and fb0g ¼ fa; zg>: Therefore dðc; b0Þp2; which contradicts (5.4.1), and we have
proved (5.4.2).
Without loss of generality, we may let x þ c ¼ and
the hexad ﬁxed by Gxb be h ¼ ; in Ox: By (5.4.2) x þ
zA½0; 30; 1; 32bS-a22ðx; x þ cÞ: (For example x þ z could be
:) Let yAD1ðzÞ-fb0; xg>: So yAD12ðcÞ by Lemma
5.3(i) and (5.4.2). If we set G0ðz þ yÞ ¼ fz; y; y0g; then y0AD12ðcÞ also. By
(2.8) the octads underlying x þ y0; x þ y and x þ z in Ox are pairwise
disjoint. So we may suppose that the octad for x þ y intersects h in
exactly four elements. Hence x þ yA½1; 20; 10; 32bS and thus yAD32ðbÞ
by Lemma 4.15(i). Let fz0g ¼ fy; bg>: By arguing as in (5.4.2) we
have z0AD1ðcÞ-D1ðxÞ-D12ðaÞ: Since a eD1ðz0Þ; yeD12ðaÞ,D22ðaÞ by Lemmas
4.12(ii) and 4.15(ii). Therefore yAD32ðaÞ and fb0g ¼ fa; yg>: However z0AD1ðb0Þ by
Lemma 4.12(ii) again, which yields dðb0; cÞp2; contrary to (5.4.1). With this
contradiction we conclude that b is the unique point in D1ðaÞ-D22ðxÞ and hence by
Lemma 5.2(ii), c is the unique point in D22ðaÞ-D1ðxÞ: Thus Lemma 5.4 is
proven. &
Theorem 5.5. Let xAD13ðaÞ with fbg ¼ D1ðaÞ-D22ðxÞ and fcg ¼ D22ðaÞ-D1ðxÞ:
(i) jD13ðaÞj ¼ 217:34:52:7:11:23:
(ii) GxaxD2
1024S6 and QðxÞ-GaD½26:
(iii) jD1ðxÞ-D12ðaÞj ¼ 30 and yAD1ðxÞ-D12ðaÞ if and only if x þ yAH4 and
yAD1ðxÞ-D12ðaÞ if and only if y þ xA½0; 6; 1; 8P : Moreover, for
yAD1ðxÞ-D12ðaÞ; yAfb; xg>-D1ðcÞ and jG0ðy þ xÞ-D13ðaÞj ¼ 2:
(iv) If zAfb; xg>-D32ðaÞ; then zAD22ðcÞ; x þ zAH2; z þ xAða22;Þ and jG0ðz þ
xÞ-D13ðaÞj ¼ 2:
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Proof. (i) Since c is the unique point in D1ðxÞ-D22ðaÞ and c þ xA½0; 30; 1; 32S with
jG0ðc þ xÞ-D13ðaÞj ¼ 2 by Lemma 5.4, we have
jD13ðaÞj ¼ jD22ðaÞj:j½0; 30; 1; 32Sj:2
¼ 27:32:52:11:23:29:32:7:2
¼ 217:34:52:7:11:23:
(ii) From Lemma 5.1 and Theorem 5.5(i) jGaxj ¼ 224:32:5: So to establish (ii) we
only need to show that GxaxD2
1024S6: Let S ¼ fc þ b0jb0Afa; cg>g be identiﬁed with
the description in Oð3:6Þ: Because fbg ¼ D22ðxÞ-D1ðaÞ and fcg ¼ D22ðaÞ-D1ðxÞ;
GaxpGabcx and Gax stabilizes Sðx; bÞ: Thus GaxpStabGx Sðx; bÞ-Gxc and
therefore GxaxpH :¼ 21024S6 (see O(4.5)). Since c þ xA½0; 30; 1; 32S and
Gac-QðcÞ4/ Gx; GaxD½220S6 by O(5.3)(i). Put N ¼ O2ðGaxÞ:
Let T ¼ /tðc; b0Þjb0Afa; cg>S: Note that TpQðcÞ:
(5.5.1)(i) ZðQðcÞÞ ¼ ZðGcÞpTIGac and jT j ¼ 27:
(ii) T=ZðGcÞ is a Gac-chief factor isomorphic to the natural Sp6ð2Þ-module.
Suppose ZðGcÞ ¼ /gcS; and let b1; b2Afa; cg> with b1ab2: ByO(3.6) we have the
two possibilities: (a) b1 and b2 are collinear and (b) b2AD22ðb1Þ: We consider case (a)
ﬁrst—suppose G0ðb1 þ b2Þ ¼ fb1; b2; b3g: So we have
By Lemma 3.4(iii) tðc; b1Þtðc; b2Þ ¼ tðb1; b2Þ: Now tðb1; b2ÞAZðGb3Þ and so
tðb1; b2Þtðc; b3Þ ¼ gc: Hence
(5.5.1.1) tðc; b1Þtðc; b2Þ ¼ gctðc; b3Þ:
For case (b) we may, without loss of generality, assume that c þ b1 ¼
and c þ b2 ¼ : Let c þ
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b3 ¼ ðc þ b1Þ  ðc þ b2Þ (as vectors). Then c þ b3 ¼
with b3Afa; cg>: For any lAG1ðcÞ we have l  ðc þ b3Þ ¼ 8 if and only if exactly
one of the l  ðc þ b1Þ and l  ðc þ b2Þ equals 8. Then Lemma 3.2 yields that
(5.5.1.2) tðc; b3Þ ¼ tðc; b1Þtðc; b2Þ or tðc; b3Þ ¼ tðc; b1Þtðc; b2Þgc:
From (5.5.1.1) we observe that ZðGcÞpT : Recalling that Z1ðcÞ ¼ ZðGcÞ; Lemma
3.2 shows us that ZðGcÞtðc; yÞ ¼ ZðGcÞtðc; y0Þ (for y; y0AD1ðcÞÞ if and only if c þ y ¼
c þ y0: Combining jfa; cg>j ¼ 63 with (5.5.1.1) and (5.5.1.2) gives jT j ¼ 27: Clearly
TIGac and consulting [4, Theorem 3] we see that T=ZðGcÞ is a Gac-chief factor
isomorphic to the natural Sp6ð2Þ-module, so establishing (5.5.1).
Set R ¼ T-Gx: Then ZðGcÞpRpQðcÞx; jRj ¼ 26 and, as GaxpGac; RIGax:
Using (2.5) (at x) and Lemma 3.2 (at c), we deduce that R-QðxÞ ¼ ZðGcÞ: Thus,
using Lemma 3.10,
(5.5.2) 25DRxpQðcÞxx ¼ O2ðGxcx ÞD210:
Observe that ½R; N4/ QðxÞ: For ½R; NpQðxÞ yields that ½R; NpR-QðxÞ ¼
ZðGcÞ whence ½T=ZðGcÞ :CT=ZðGcÞðNÞp2: But then T=ZðGcÞ cannot be the natural
Sp6ð2Þ-module, against (5.5.1)(ii). In particular, Nx4/ O2ðGxcx Þ by (5.5.2). Conse-
quently, as Gax covers H=O2ðHÞDS6 and O2ðHÞ=O2ðGxcx ÞD24 is an H-chief factor,
(5.5.3) Gax covers H=O2ðGxcx ÞðD24S6Þ:
Together Theorem 4.8(iv) and [4, Theorem 3] (using the notation of [4]
for modules) yield that Gac-Qc=ZðGcÞ has a Gac chief series 6\1\8: The
8-dimensional Gac-chief factor of Gac-Qc when restricted to Gax has a chief
series with two chief factors of dimension 4 which are isomorphic Gax modules
(this may be seen, for example, by restricting appropriate module data in
[4, Theorem 3]).
Now we take a look at QðcÞ-QðxÞ—using [4, Theorem 3] again and
Lemma 3.10 imply that QðcÞ-QðxÞ=ZðGxÞ has a Gcx chief series 1\10: On
restriction to Gax this becomes 1\4\1\%4\1: The crucial point being that the
two 4-dimensional Gax composition factors of QðcÞ-QðxÞ are not
isomorphic. As a consequence at least one 4-dimensional chief factor of Gax
within the 8-dimensional Gac chief factor (in Gac-QðcÞÞ projects above QðxÞ:
By (5.5.3) and [4, Theorem 3], as a Gax-module, R
x is indecomposable with
composition series 1\%4 which then yields that QðcÞxx -Gxax has order at least 29: From
[4, Theorem 3] QðcÞxx D210 has composition series 1\%4\1\4 and does not have a Gax-
submodule of dimension 9. Thus we conclude that GxaxD2
1024S6 and part (ii) is
proved.
For part (iii) let yAD1ðxÞ-D12ðaÞ: By Lemmas 4.10, 4.12 and 4.13 y þ
xA½0; 7; 0; 8P,½0; 6; 1; 8P : So there exists bAfa; yg> with bAD32ðxÞ: Using Lemma
3.2 and b þ aAa12ðb; b þ yÞ we get that tðb; yÞAGa and tðb; yÞ interchanges the two
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points in G0ðy þ xÞ\fyg: Hence jG0ðy þ xÞ-D13ðaÞj ¼ 2: Therefore
jD1ðxÞ-D12ðaÞj ¼
jD12ðaÞj:ðj½0; 7; 0; 8Pjn þ j½0; 6; 1; 8PjmÞ
jD13ðaÞj
¼ 3:5:ð4n þ 7mÞ
7
;
where m; nAf0; 2g: This forces n ¼ 0 and m ¼ 2: Hence jD1ðxÞ-D12ðaÞj ¼ 30 and
y þ xA½0; 6; 1; 8P as required.
Turning to (iv), by O(4.4) and Lemmas 4.12(i) and 4.15(i), z þ xAa2ðz; z þ
bÞ,a2ðz; z þ bÞ: Then Lemmas 3.8 and 4.17 imply that z þ x lies in a Gaz orbit of
G1ðzÞ of size
jD13ðaÞj:32
jD32ðaÞj:2
¼ 28:7
and jG0ðz þ xÞ-D13ðaÞj ¼ 2: Examining the possibilities in O(4.4) we see that z þ
xAða22;Þ: This completes the proof of the theorem. &
We remark that Theorem 5.5(iii) completes the proof of Theorem 3.
Lemma 5.6. D13ðaÞaD23ðaÞ:
Proof. Let xAD23ðaÞ: By deﬁnition (see (2.4)), there exists cAD12ðaÞ-D1ðxÞ with c þ
xA½0; 7; 0; 8P : Since c þ bea22ðc; c þ xÞ for all bAfa; cg> we have fa; cg>-D22ðxÞ ¼
|: Using Lemma 5.5(iii) we obtain the result. &
Lemma 5.7. Let xAD13ðaÞ and lA½7; 56; 0; 0S ; a1: Then jG0ðlÞ-D32ðaÞj ¼ 1 and
jG0ðlÞ-D13ðaÞj ¼ 2: Furthermore, if fyg ¼ G0ðlÞ-D32ðaÞ; then l ¼ y þ xAða12;Þ:
Proof. Let fbg ¼ D1ðaÞ-D22ðxÞ and fcg ¼ D22ðaÞ-D1ðxÞ: Since c þ xA½0; 30; 1; 32S ;
there exists b0Afa; cg> with b0AD12ðxÞ: Then b0AD1ðbÞ by Lemma 5.3(i). We know
that a AD13ðxÞ by Lemma 5.2(ii), and so b0 þ aA½0; 6; 1; 8xP by Lemma 5.5(iii). Hence
there exists yAfb0; xg> with b0 þ yAa3ðb0; b0 þ aÞ; and thus yAD32ðaÞ: In Oc; we may
suppose, without loss of generality, that c þ b ¼ ; c þ
b0 ¼ and c þ x ¼ because
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c þ xA½0; 30; 1; 32P ; bAD22ðxÞ and b0AD12ðxÞ-D1ðbÞ: Since yAD32ðaÞ-D1ðcÞ; Lemma
4.15 implies that c þ yA½1; 20; 10; 32S: Also yefb; xg> by Lemma 5.3(ii) because
yAD1ðcÞ and yAD32ðaÞ: So yAD2ðbÞ: Let G0ðx þ yÞ ¼ fx; x0; yg: By Theorem 4.9(ii),
yeD32ðbÞ because b0; cAfb; yg>: If yAD22ðbÞ; Lemma 4.16 implies that x þ yAS and
bAD1ðx0Þ: However Lemma 5.5(iii), (iv) yields that yAD13ðaÞ; a contradiction. So
yAD12ðbÞ and also x0AD12ðbÞ: Therefore by Lemma 4.10, x þ yA½7; 56; 0; 0bS and thus
x þ yA½7; 56; 0; 0S; a1: Using (2.8), we see that the octads underlying c þ x; c þ x0
and c þ y are pairwise disjoint in Oc: This, together with the fact that c þ
yA½1; 20; 10; 32S implies that c þ x0A½0; 30; 1; 32S: Hence x0AD13ðaÞ by deﬁnition. It
remains to show that y þ xAða12;Þ: Using O(5.1) and Lemma 4.5, y þ
xAða22;þÞ,ða12;Þ because y þ cAða1;þÞ-a1ðy; y þ xÞ: By Lemma 4.7 we may
use Lemma 3.8 to show that y þ x lies in a Gay-orbit of G1ðyÞ of size
jD13ðaÞj:j½7; 56; 0; 0S; a1j
jD32ðaÞj:2
¼ 27:3:5:7:
Now O(4.4) gives the result. &
Lemma 5.8. Let xAD13ðaÞ and lAG1ðxÞ with lA½1; 20; 10; 32S; a22,½1; 20; 10; 32S ;
a3,½0; 30; 1; 32S; a12,½0; 30; 1; 32S; a3: Then there exists an element of Gax which
interchanges the two points in G0ðlÞ\fxg:
Proof. We look at each line orbit separately. Let fcg ¼ D22ðaÞ-D1ðxÞ and fbg ¼
D1ðaÞ-D22ðxÞ: By Theorem 5.5(ii) we may assume that the Gax-orbits on G1ðxÞ are
those described in Oð4:5Þ and x þ c ¼ :
(1) First suppose lA½1; 20; 10; 32S; a22: Since ½1; 20; 10; 32S; a22 is a Gax-orbit we can
take l ¼ : Let z; yAfb; xg> with x þ y ¼
and x þ z ¼ : Then x þ
zAa1ðx; x þ yÞ by O(3.2) and so zAD1ðyÞ: Since x þ y; x þ zAH4; y; zAD12ðaÞ by
Theorem 5.5(iii). Also x þ yAa12ðx; lÞ and x þ zAa3ðx; lÞ by O(3.2).
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Using Lemma 3.2 we have that tðb; yÞtðb; zÞAGa and tðx; yÞtðx; zÞ interchanges
the two points in G0ðlÞ\fxg: But tðb; yÞtðb; zÞ ¼ tðy; zÞ ¼ tðx; yÞtðx; zÞ by Lemma
3.4(iii) and we are done in this case.
(2) Next let lA½1; 20; 10; 32S; a3—without loss we may suppose l ¼
: Let y; zAfb; xg> with x þ y ¼
: As in case (1) we have zAD1ðyÞ; y; zAD12ðaÞ;
x þ yAa12ðx; lÞ and x þ zAa3ðx; lÞ: Again tðb; yÞtðb; zÞ is the required element of Gax:
(3) Let lA½0; 30; 1; 32S; a12 and suppose l ¼ : We now
argue as in case (1) with the same x þ y and x þ z:
(4) Finally if lA½0; 30; 1; 32S ; a3 we may suppose l ¼
and the result follows as in case (2) using the same x þ y and x þ z as in that
case. &
Lemma 5.9. Let cAD32ðaÞ and let fbg ¼ fa; cg>: Then for lAða22;þÞ we have
G0ðlÞDD32ðaÞ:
Proof. Suppose G0ðlÞD/ D32ðaÞ and let xAG0ðlÞ\D32ðaÞ; so l ¼ c þ x: In view of
Theorems 2–4 this forces xAD3ðaÞ: Since c þ xAa22ðc; c þ bÞ; xAD22ðbÞ:
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Using the identiﬁcation of c þ x and c þ b as in the proof of Lemma 4.7,
we see there exists dAD1ðcÞ-fb; xg> with c þ dAða22; c þ b;Þ: By
Lemma 4.12 we may therefore suppose that dAD12ðaÞ: Noting
that d þ bAPðd; aÞ and d þ xAa22ðd; d þ bÞ; xAD3ðaÞ implies that
xAD13ðaÞ by Theorem 3. Employing Theorems 4.9(iii), 5.5(i) and Lemmas 3.8 and
4.17 we obtain
2 213:34:52:11:23 25:3:7 ¼ 217:34:52:7:11:23 m;
where m is the size of the Gax-orbit of G1ðxÞ containing x þ d: Hence m ¼ 22:3 which,
by O(4.5), is impossible. Thus we infer that G0ðlÞDD32ðaÞ:
6. The Ga-orbit D
2
3ðaÞ
Lemma 6.1. Let xAD23ðaÞ and let cAD12ðaÞ-D1ðxÞ with c þ xA½0; 7; 0; 8P : Then
(i) aAD23ðxÞ; and
(ii) for any bAfa; cg>-D12ðxÞ; b þ aA½0; 7; 0; 8xP :
Proof. Notice that c exists by deﬁnition of D23ðaÞ: Since c þ xA½0; 7; 0; 8P ;
we can choose bAfa; cg> with c þ bAa12ðc; c þ xÞ; whence bAD12ðxÞ: Let P1 be the
set of 15 lines left invariant by Gbx: In Ob let b þ c ¼
and we identify P1 with the set P described in O(3.5). Consider the set P ¼
fb þ yjyAfa; cg>\fbgg: We have c þ yAa12ðc; c þ xÞ for 6 points yAfa; cg>\fbg and
c þ yAa3ðc; c þ xÞ for 8 points in fa; cg>\fbg because c þ xA½0; 7; 0; 8P : So P
consists of three lines in ½3; 8; 4; 0xP and four lines in ½1; 12; 2; 0xP : Also
b þ yAa1ðb; b þ cÞ for all yAfa; cg>\fbg: (For example
P ¼ ; ;
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; ;
; ;
). Since b þ aAa12ðb; b þ cÞ-a1ðb; b þ yÞ for all
yAfa; cg>\fbg; the octad underlying b þ a in Ob intersects each of O1 and O2 in
exactly two elements (where O1 and O2 are the two leftmost blocks in ObÞ: Hence
b þ aA½0; 7; 0; 8xP and so aAD23ðxÞ as required. &
Lemma 6.2. Let xAD23ðaÞ: Then there exists yAD32ðaÞ-D1ðxÞ with y þ xAða12;þÞ:
Furthermore, for any lAG1ðyÞ-ða12;þÞ; jG0ðlÞ-D23ðaÞj ¼ 2:
Proof. Let cAD12ðaÞ-D1ðxÞ with c þ xA½0; 7; 0; 8P : By deﬁnition, there exists
bAfa; cg> with bAD12ðxÞ: From Lemma 6.1(ii), b þ aA½0; 7; 0; 8xP and so we can
ﬁnd yAfb; xg> with yAD32ðaÞ: Then yAD1ðcÞ by Theorem 4.4(ii) and Lemma 4.3
because y; cAfb; xg>:
By O(4.4), y þ xAða12;þÞ,ða12;Þ because fbg ¼ fa; yg> and bAD12ðxÞ: If y þ
xAða12;Þ; then xAD13ðaÞ by Lemma 5.7 which contradicts Lemma 5.6 because
xAD23ðaÞ: Thus y þ xAða12;þÞ: Let G0ðy þ xÞ ¼ fy; x0; xg: It remains to show that
x0AD23ðaÞ: By Lemma 3.5 fb þ zjzAfb; xg>g ¼ fb þ z0jz0Afb; x0g>g: Therefore b þ
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aA½0; 7; 0; 8x0P : Hence aAD23ðx0Þ by deﬁnition and so Lemma 6.1(i) implies that
x0AD23ðaÞ; as required. &
As a consequence of Lemma 6.2, we have now established Theorem 5.
Lemma 6.3. Let xAD23ðaÞ and c1AD12ðaÞ-D1ðxÞ with c1 þ xA½0; 7; 0; 8P : Then there
exists distinct points b1; b2; b3Afa; c1g>-D12ðxÞ and c2; c3AD12ðaÞ-fx; c1g> such that
the following hold:
(i) b2; b3AD1ðb1Þ and G0ðb1 þ b2Þ ¼ fb1; b2; b3g:
(ii) G0ðc1 þ c2Þ ¼ fc1; c2; c3g:
(iii)
T3
i¼1 fbi; xg> ¼ fc1; c2; c3g and
T3
i¼1 fci; ag> ¼ fb1; b2; b3g:
Let S ¼ S3i¼1 fci; ag>-D12ðxÞ and T ¼
S3
i¼1 fbi; xg>-D12ðaÞ:
(iv) jSj ¼ jT j ¼ 15:
(v) fx þ zjzATg is a set of 15 lines which may be identified with P as in Oð3:5Þ:
(vi) For i ¼ 2 or 3;
zAD1ðbiÞ for three z in fb1; xg>-D12ðaÞ;
zAD22ðbiÞ for four z in fb1; xg>-D12ðaÞ; and
zAD12ðbiÞ for all eight z in fb1; xg>-D32ðaÞ:
Proof. Since c1 þ xA½0; 7; 0; 8P ; fa; c1g> consists of 7 points in D12ðxÞ and 8
points in D32ðxÞ: Let b1Afa; c1g>-D12ðxÞ: Then b1 is collinear with every point in
fa; c1g> and there exists three lines lAG1ðb1Þ with G0ðlÞDfa; c1g>-D12ðxÞ by O(4.1)
and Lemmas 4.12 and 4.13. Let b2; b3Afa; c1g>-D12ðxÞ with G0ðb1 þ b2Þ ¼
fb1; b2; b3g:
By Lemma 4.13 there are exactly three points in
T3
i¼1fb1; xg>; say c1; c2 and c3:
We may suppose that, in Ob1 ; b1 þ c1 ¼ and the set of
ARTICLE IN PRESS
P. Rowley, L. Walker / Journal of Combinatorial Theory, Series A 107 (2004) 215–261 227
15 lines fb1 þ zjzAfb1; xg>g corresponds to P as in O(3.5). Since b1 þ
aA½0; 7; 0; 8xP-a12ðb1; b1 þ cÞ we may taken b1 þ a ¼ :
The three lines lAG1ðb1Þ with G0ðlÞDfa; c1g>-D12ðxÞ are then
; and
: Let b1 þ b2 ¼ (the argu-
ment is similar in the other two cases).
So we have
b1 þ c2 ¼ and b1 þ c3 ¼
(or vice versa). Therefore we may suppose G0ðc1 þ c2Þ ¼ fc1; c2; c3g because G2ðb1 þ
c1; b1 þ c2; b1 þ c3Þa|: Since bi þ aA½0; 7; 0; 8xP by Lemma 6.1, there exists 7 points
in fbi; xg>-D12ðaÞ for each i ¼ 1; 2; 3: Hence T contains 15 points becauseT3
i¼1 fbi; xg> ¼ fc1; c2; c3g: Reversing the roles of a and x and bi and ci; ði ¼
1; 2; 3Þ we also get jSj ¼ 15 and we have (iv). By inspection b1 þ b2Aa22ðb1; b1 þ zÞ for
the four points zAðfb1; xg>-D12ðaÞÞ\fc1; c2; c3g and b1 þ b2Aa12ðb1; b1 þ zÞ for the 8
points zAfb1; xg>-D32ðaÞ: This proves part (vi).
Let yAfa; c1g>-D12ðxÞ: Then
(6.3.1) fy; xg>-D12ðaÞDT :
Clearly (6.3.1) holds if yAfb1; b2; b3g: If yefb1; b2; b3g; then yAD1ðb1Þ and
b1 þ y ¼ or :
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In either case we have fy; xg>-fbi; xg>-fbj; xg> ¼ fc1g for iajAf1; 2; 3g and
jfy; xg>-fbi; xg>j ¼ 3 for i ¼ 1; 2; 3: So fy; xg>-D12ðaÞDT because
jfy; xg>-D12ðaÞj ¼ 7:
By Lemma 4.13 we may suppose that fx þ zjzAfb1; xg>-Tg ¼
;
; :
If ziAfbi; xg>\fc1; c2; c3g for i ¼ 1; 2; then ziAD1ðcjÞð j ¼ 1; 2; 3Þ and z1AD1ðz2Þ:
So without loss of generality we may suppose fx þ zjzAfb2; xg>-Tg ¼
; ;
_ By a similar argument we may take fx þ
zjzAfb3; xg>-Tg ¼ ; ;
8>>><
>>:
: So we have (v) and the proof is complete. &
For the remainder of this section we ﬁx xAD23ðaÞ: For a ﬁxed cAD12ðaÞ-D1ðxÞ we
may deﬁne the sets S and T as for c1 in the statement of Lemma 6.3.
Lemma 6.4. Let cAD12ðaÞ-D1ðxÞ with c þ xA½0; 7; 0; 8P and define the sets S and T
as in Lemma 6.3. If c0AD12ðaÞ-D1ðxÞ with c0AT ; then x þ c0A½0; 7; 0; 8bP for any bAS:
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Proof. Fix bAS: If c0AD1ðyÞ for some yAfb; xg>; then yAD12ðaÞ and c0AD1ðzÞ
for some zAfa; yg> by Lemmas 4.10, 4.12 and 4.13. So yAT and zAS by
Lemma 6.3. So c0AT by Lemma 6.3, again contrary to assumption. Hence x þ
c0A½0; 7; 0; 8bP,½0; 6; 1; 8bP : Suppose x þ c0A½0; 6; 1; 8bP ; so c0AD13ðbÞ by Theorem
5.5(iii). Hence bAD13ðc0Þ by Lemma 5.2(ii). Since c0AD12ðaÞ; Lemma 5.5(iii) implies
that there exists b0Afa; c0g>-D22ðbÞ: Let fc1g ¼ D22ðc0Þ-fx; bg> (c1 exists since x þ
c0A½0; 6; 1; 8bPÞ: Then c1Afb0; bg> by Lemma 5.5(iii). By Lemma 5.2(i) xAD1ðb0Þ
because b0AD22ðbÞ and xAD12ðbÞ: However, we now have the contradiction dða; xÞp2:
Therefore x þ c0A½0; 7; 0; 8bP ; as required. &
Theorem 6.5. (i) jD1ðxÞ-D12ðaÞj ¼ 15:
(ii) jD32ðaÞj ¼ 220:34:52:11:23:
(iii) Let P ¼ fyAD32ðaÞ-fb; xg>jbAD1ðaÞ-D12ðxÞg: Then P is a Gax-orbit, jPj ¼
120 and for all dAP; d þ xAða12;þÞ:
Proof. Let c1AD12ðaÞ-D1ðxÞ with c1 þ xA½0; 7; 0; 8P and deﬁne the sets S and T as
in Lemma 6.3. We assume there exists cAD12ðaÞ-D1ðxÞ with ceT and argue for a
contradiction. By Lemma 6.4, x þ cA½0; 7; 0; 8bP for all bAS: Let b1; b2; b3; c2; c3 be as
deﬁned in Lemma 6.3. By Lemma 6.3(v), if P ¼ fx þ yjyATg; then we may identify
this set with the set P in O(3.5). In Ox we may suppose that
x þ c1 ¼ ; x þ c2 ¼ and
x þ c3 ¼ : Using Lemma 6.3 again, for each i ¼
1; 2; 3; Pðx; biÞ has 7 lines in common with P and jPðx; biÞ-Pðx; bjÞj ¼ 3 for each
jai: Therefore in some order we have Pðx; b1Þ ¼ fx þ ciji ¼ 1; 2; 3g,f4vi74vj
jði; jÞAfð3; 20Þ; ð15; 18Þ; ð22; 19Þ; ð1; 9Þ; ð12; 5Þ; ð21; 6Þgg;Pðx; b2Þ¼fx þ ciji ¼1; 2; 3g,
f4vi74vjjði; jÞAfð17; 11Þ; ð4; 13Þ; ð22; 9Þ; ð1; 19Þ; ð12; 21Þ; ð5; 6Þgg;Pðx; b3Þ¼fx þ ciji¼
1; 2; 3g,f4vi74vjjði; jÞAfð16; 7Þ; ð10; 2Þ; ð22; 1Þ; ð19; 9Þ; ð12; 6Þ; ð21; 5Þgg:
Notice that every element of Ox lies in a duad in one of the Pðx; biÞ ði ¼ 1; 2; or 3Þ:
There are two cases:
(6.5.1) cAD12ðc1Þ:
In Ox; let O be the octad underlying x þ c: Suppose that jO-O3j ¼ 4 or 8: Then O
intersects four of the duads in Pðx; b1Þ in exactly one element and has empty
intersection with x þ c and the other three duads because x þ cA½0; 7; 0; 8b1P : So O
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contains a duad underlying some line in Pðx; biÞ for some i ¼ 1; 2; or 3.
However, we then have yAD22ðaÞ for some yAfx; big>: This is impossible
because x þ cA½0; 7; 0; 8biP by Lemma 6.4. So jO-O3j ¼ 0 or 2: Using
the MOG in [3] we see that O contains a duad underlying one of the lines in P:
By an similar argument we have yAD22ðaÞ for some yAT ; again leading to a
contradiction.
(6.5.2) cAD32ðc1Þ:
In this case, x þ c is of the form ð1; 1;73; ð71Þ21Þ: The 73 must lie in a duad of
Pðx; biÞ for some i ¼ 1; 2 or 3. For this i; there exists yAfx; big> with yAD22ðcÞ and
we have a contradiction again as in (6.5.1). With this contradiction the proof of (i) is
complete.
By part (i), O(4.1), Lemma 3.6 and Theorem 4.4(iii),
jD23ðaÞj ¼
jD12ðaÞj:j½0; 7; 0; 8Pj
15
¼ 220:34:52:11:23:
Turning to part (iii), using Theorem 4.9(ii) and Lemma 6.3 we see that jPj ¼
15:8 ¼ 120: Furthermore, for each yAP; y þ xAa12ðy; y þ bÞ ðfbg ¼ fa; yg>Þ: We
have D23ðaÞaD13ðaÞ by Lemma 5.6 and so Lemma 5.7 implies that y þ xAða12;þÞ:
Finally P is a Gax-orbit by Lemmas 3.8 and 4.17. &
7. Line orbits from D13ðaÞ
We now look at the point distribution of some of the lines incident with points in
D13ðaÞ: For the whole of this section x is a ﬁxed point in D13ðaÞ with fcg ¼
D22ðaÞ-D1ðxÞ and fbg ¼ D1ðaÞ-D22ðxÞ:
Lemma 7.1. Let lA½7; 56; 0; 0S; a12: Then jG0ðlÞ-D13ðaÞj ¼ 2 and jG0ðlÞ-D23ðaÞj ¼ 1:
Proof. Let x þ c ¼ and P ¼ fx þ cg,H4,H2 be as in
O(4.5). Since ½7; 56; 0; 0S; a12 is a Gax-orbit by Lemma 5.5(ii) we may suppose that
l ¼ in Ox: By (2.6)(ii), kAa1ðx; lÞ for three kAH4 and
four kAH2: Let kAa1ðx; lÞ-H2: Then there exists c0AG0ðkÞ with c0AD32ðaÞ by
Lemma 5.5(iv). Let G0ðlÞ ¼ fx; d 0; dg: Since fbg ¼ fa; c0g> and d; d 0AD12ðbÞ by
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Lemma 4.10 we have c0 þ d; c0 þ d 0Aða12;þÞ,ða12;Þ: Also c0 þ xAða22;Þ by Lemma
5.5(iv). Using (2.8), we see that the octads underlying c0 þ b; c0 þ d and c0 þ d 0 are
pairwise disjoint in Oc: Therefore we may suppose that c0 þ dAða12;þÞ and c0 þ
d 0Aða12;Þ: Now Lemmas 5.7 and 6.2 imply that dAD23ðaÞ and d 0AD13ðaÞ: This proves
the lemma. &
Lemma 7.2. Let lA½1; 20; 10; 32S; a1: Then G0ðlÞDD13ðaÞ:
Proof. By deﬁnition lAa1ðx; x þ cÞ: Let dAG0ðlÞ\ðxÞ: Then dAD1ðcÞ: By Lemma 4.3,
dAD32ðbÞ and so c þ dA½1; 20; 10; 32S,½0; 30; 1; 32S by O(4.2). If c þ
dA½1; 20; 10; 32S; then dAD32ðaÞ by Lemma 4.3. Using Lemma 4.5, dAD1ðyÞ for
some yAfa; cg> because cAD1ðdÞ-D22ðaÞ: However bAD32ðdÞ implies that yefb; dg>
and so yAD32ðxÞ by Lemma 5.2(ii). We now have a contradiction to Theorem 4.9(ii)
because c; dAfy; xg>: Hence c þ dA½0; 30; 1; 32S and dAD13ðaÞ by deﬁnition. Since d
was any point in G0ðlÞ\fxg; the lemma is proved. &
Lemma 7.3. Let lA½1; 20; 10; 32S; a12: Then G0ðlÞDD13ðaÞ:
Proof. Let dAG0ðlÞ\fxg: By Lemma 4.12(i), dAD32ðbÞ: Also dAD12ðcÞ by
deﬁnition. Let c0Afb; xg>-D1ðdÞ: Then c0AD1ðcÞ by O(5.2) and so c0AD12ðaÞ by
Lemma 5.2(i). Since fc0g ¼ fb; dg>; b þ aAða12;þÞd,ða12;Þd : Therefore
aAD13ðdÞ,D23ðdÞ by Lemmas 5.7 and 6.2. Let c1Afb; xg> be such
that x þ c1Aa22ðx; x þ dÞ-a1ðx; x þ cÞ ðc1 exists by O(5.2)). Then c1AD12ðaÞ-D22ðdÞ
using Lemma 5.2(i). If G0ðc þ c1Þ ¼ fc; c1; c2g; then c2AD12ðaÞ-D22ðdÞ also.
Hence b þ c1; b þ c2Aða1;þÞd by Lemma 4.15. Suppose b þ aAða12;þÞd : Then, by
O(5.1) there are 7 lines in ða1;þÞd-a12ðb; b þ aÞ and for any distinct pair of these
lines l1; l2 we have l1Aa22ðb; l2Þ: However we now have a contradiction because b þ
c1Aa1ðb; b þ c2Þ: Hence b þ aAða12;Þd and so a AD13ðdÞ by Lemma 5.7. Using
Lemma 5.4 we have dAD13ðaÞ and thus we are done because d was any point in
G0ðlÞ\fxg: &
Lemma 7.4. Let lA½1; 20; 10; 32S; a22:
(i) jG0ðlÞ-D13ðaÞj ¼ 1 and jG0ðlÞ-D23ðaÞj ¼ 2:
(ii) If dAG0ðlÞ-D23ðaÞ; then l lies in a Gad -orbit of G1ðdÞ of size 25:3:5:7:
Proof. By Lemma 5.7 there exists c0AD32ðaÞ-D1ðxÞ with c0 þ xAða12;Þ: Let fb0g ¼
fa; c0g>: So b0AD12ðxÞ and by Theorem 5.5(iii), b0Afa; cg>: Then we can choose
dAD1ðc0Þ with c0 þ dAa1ðc0; c0 þ xÞ such that c0 þ d; c0 þ d 0Aða12;þÞ (where G0ðx þ
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dÞ ¼ fx; d; d 0gÞ: For example if c0 þ b0 ¼ with Gac0
ﬁxing the element we may choose c0 þ x ¼
; c0 þ d ¼ and c0 þ d 0 ¼
(c0 þ x; c0 þ d and c0 þ d 0 are coplanar by O(3.3)
because lies in ðc0 þ xÞo-ðc0 þ dÞo-ðc0 þ d 0ÞoÞ: By
Lemma 6.2, d; d 0AD23ðaÞ: Since c0 þ xAða12;Þ; Lemma 5.7 implies that x þ
c0A½7; 56; 0; 0S; a1: By deﬁnition c0AD1ðcÞ and so Lemma 4.12
yields c0 þ cAða1;þÞ because cAD22ðaÞ and c0AD32ðaÞ: Moreover, by Theorem
5.5(iii) cAfb0; xg> because b0AD12ðxÞ: With c0 þ b0; c0 þ x and c0 þ d as
above, the duad underlying c0 þ c must contain :
Using O(3.2) it can be checked that c0 þ c ¼ because
c0 þ cAa1ðc0; c0 þ xÞ-a1ðc0; c0 þ b0Þ: Therefore we have x þ dAa22ðx; x þ cÞ
and so cAD22ðdÞ: By Lemma 4.13, there exists c1Afb0; xg>-fb0; dg>
with c1AD1ðc0Þ:
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We have c0 þ c1ac0 þ c because c1AD1ðdÞ: By Theorem 4.4(ii), c0 þ c1Aa1ðc0; c0 þ
cÞ: Also c0 þ c1Aa1ðc0; c0 þ b0Þ and so the duads underlying c0 þ c1 and c0 þ c in Oc0
are disjoint. Hence c0 þ c1Aða1;Þ and we may suppose that c1AD12ðaÞ by Lemma
4.3. Therefore Theorem 5.5(iii) yields that c1Afb; xg> and thus x þ dAa1ðx; kÞ for
some kAS: By Lemmas 5.7 and 7.1 x þ de½7; 56; 0; 0bS and hence x þ
dA½1; 20; 10; 32bS: Thus x þ dA½1; 20; 10; 32S; a22 by deﬁnition as dAD22ðcÞ and the
lemma follows because ½1; 20; 10; 32S; a22 is a Gax-orbit. &
Lemma 7.5. Let lA½0; 30; 1; 32S; a12: Then jG0ðlÞ-D13ðaÞj ¼ 1 and jG0ðlÞ-D33ðaÞj ¼ 2:
Proof. By Lemma 5.7 there exists c1AD32ðaÞ-D1ðxÞ with x þ c1A½7; 56; 0; 0S; a1 and
c1 þ xAða12;Þ: Let fb1g ¼ fa; c1g>; so b1AD12ðxÞ: Since c1AD1ðcÞ; Lemma 4.15(ii)
implies that b1Afa; cg>: Without loss of generality, we may suppose that, in
Oc1 ; c1 þ b1 ¼ ; the point ﬁxed by Gac1 is
and c1 þ x ¼ because
(a12;Þ is a Gac1 -orbit. Also we may choose c1 þ c ¼
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because c1 þ cAa1ðc1; c1 þ xÞ-ða1;þÞ; using Lemma 4.15. Let d; d 0AD1ðc1Þ with
c1 þ d ¼ and c1 þ d 0 ¼ :
Then c1 þ x; c1 þ d and c1 þ d 0 are coplanar by O(3.3) because
lies in ðc1 þ xÞo-ðc1 þ dÞo-ðc1 þ d 0Þo: So we may
assume that G0ðx þ dÞ ¼ fx; d; d 0g: We have d; d 0AD32ðbÞ-D12ðcÞ-D33ðaÞ: Therefore
x þ dA½7; 56; 0; 0S; a12,½1; 20; 10; 32S ; a12,½0; 30; 1; 32S; a12
by O(4.5). However Lemmas 5.6 and 7.1 yield x þ de½7; 56; 0; 0S; a12: Suppose that
x þ dA½1; 20; 10; 32S; a12: Then D13ðaÞ ¼ D33ðaÞ; using Lemma 7.3. Since c1 þ
dAða3;71Þ; Lemmas 3.8 and 4.17 imply that d þ c1 lies in a Gad-orbit of G1ðdÞ of size
n ¼ jD
3
2ðaÞj:210:3:7:2
jD13ðaÞj
:
By Theorems 4.9(iii) and 5.5(i) we get n ¼ 27:3: This contradicts O(4.5), whence
x þ dA½0; 30; 1; 32S ; a12 and the lemma is proved. &
Lemma 7.6. Let lA½0; 30; 1; 32S; a22: Then jG0ðlÞ-D13ðaÞj ¼ jG0ðlÞ-D33ðaÞj ¼
jG0ðlÞ-D43ðaÞj ¼ 1:
Proof. As in the proof of Lemma 7.5, there exists c1AD32ðaÞ-D1ðxÞ with x þ
c1A½7; 56; 0; 0S; a1 and c1 þ xAða12;Þ: Also if fb1g ¼ fa; c1g>; then
b1AD12ðxÞ-fa; cg>: Without loss we may suppose c1 þ b1; c1 þ c; c1 þ x and the
point ﬁxed by Gac1 are as in Lemma 7.5. Let d; d
0AD1ðc1Þ with
c1 þ d ¼ and c1 þ d 0 ¼ :
Then c1 þ x; c1 þ d and c1 þ d 0 are incident with some PAG2 by O(3.3) because
lies in ðc1 þ xÞo-ðc1 þ dÞo-ðc1 þ d 0Þo: So we may
assume that G0ðx þ dÞ ¼ fx; d; d 0g: We have d; d 0AD32ðb1Þ-D22ðcÞ with dAD43ðaÞ and
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d 0AD33ðaÞ: Therefore
x þ dA½1; 20; 10; 32S; a22,½0; 30; 1; 32S ; a22
by O(4.5). Suppose x þ dA½1; 20; 10; 32S; a22: Let c0Afb; xg>-D1ðdÞ: Then
c0AD12ðaÞ-D1ðcÞ by O(5.2) and so c1 þ c0Aa1ðc1; c1 þ b1Þ: Since c1 þ c0Aa1ðc1; c1 þ
dÞ we must have c1 þ dea3ðc1; c1 þ b1Þ: This contradicts the fact that dAD32ðb1Þ and
so x þ dA½0; 30; 1; 32S; a22; as required. &
Lemma 7.7. D13ðaÞaD33ðaÞ:
Proof. Suppose, for a contradiction, that xAD33ðaÞ: Let yAD33ðaÞ-D1ðxÞ with y þ
xAða3;71Þ (y exists by deﬁnition of D33ðaÞÞ: By Lemmas 3.8 and 4.17 together with
the orbit sizes in Theorems 4.9(iii) and 5.5(i), x þ y lies in a Gax-orbit of size
jD32ðaÞj:210:3:7:2
jD13ðaÞj
¼ 27:3:
This contradicts O(4.5) and so we conclude that D13ðaÞaD33ðaÞ: &
8. The Ga-orbit D
4
3ðaÞ
Throughout this section x denotes a point of D43ðaÞ:
Lemma 8.1. (i) D43ðaÞ is a Ga-orbit.
(ii) If cAD32ðaÞ-D1ðxÞ is such that c þ xAða3;73Þ; then GacxD½210L3ð4Þ2 with
O2ðGacxÞ ¼ QðcÞax:
Proof. By deﬁnition there exists cAD32ðaÞ-D1ðxÞ with c þ xAða3;73Þ: Since D32ðaÞ is
a Ga-orbit and G
c
acD2
10L3ð4Þ2;Oð4:4Þ and Lemma 4.17 imply that D43ðaÞ is a Ga-
orbit. Part (ii) also follows using Oð4:4Þ and Lemma 4.17. &
The next two results prepare the ground for Theorem 8.4 where we pin down
jD43ðaÞj and the structure of Gax:
Lemma 8.2. Let cAD32ðaÞ-D1ðxÞ with c þ xAða3;73Þ: Then GxacxD29L3ð4Þ2 or
210L3ð4Þ2:
Proof. In view of Lemma 8.1(ii) our task here is to show that O2ðGacxÞxD29 or 210:
Let fbg ¼ fa; cg>: Then c þ xAa3ðc; c þ bÞ: By Oð5:1Þ lAa22ðc; c þ xÞ for 21 lines
lAða1;þÞ: Let l1 be such a line and ﬁx c1AG0ðl1Þ\fcg: Then c1AD22ðxÞ: Moreover
c1AD22ðaÞ-D1ðbÞ using Lemma 4.5. By Lemma 3.3(iii), tðc; c1Þ ¼
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tðb; cÞtðb; c1ÞAQðbÞ-QðcÞ: Also, using Lemma 3.2, tðc; c1ÞAGx\QðxÞ because
c1AD22ðxÞ: Since cAD32ðaÞ and c1AD22ðaÞ; tðc; c1Þ interchanges a and the point in
G0ða þ bÞ\fa; bg by Lemma 3.2. Let l2al1 be another line in ða1;þÞ-a22ðc; c þ xÞ and
c2 be any point in G0ðl2Þ\fcg: As before we can show that
tðc; c2ÞAQðbÞ-QðcÞ-ðGx\QðxÞÞ and tðc; c2ÞeGa: So t :¼ tðc; c1Þtðc; c2ÞAGax: Sup-
pose that tAQðxÞ for all possible pairs c1 and c2: Then tðc; c1Þ ¼ tðc; c2Þ where 
denotes the image in Gax=QðxÞ). We know that Gacx acts on ða1;þÞ-a22ðc; c þ xÞ
and, by Lemma 8.2(ii), %GacxD2mL3ð4Þ2; for some m: Hence we have a subgroup of
Gx isomorphic to 2
mL3ð4Þ2 which centralizes the involution tðc; c1Þ: Consulting [2]
we see this is impossible. So teQðxÞ for some c1 and c2: Therefore O2ðGacxÞ4/ QðxÞ
and since the Gacx-chief factors in O2ðGacxÞ have dimension 1 and 9 we infer that
O2ðGacxÞD29 or 210; so proving the lemma. &
By Lemma 8.2 Gxax contains a subgroup H with HD2
9L3ð4Þ2: Set n ¼ ½Gxax : H
and 2g ¼ ½QðxÞ :QðxÞ-Ga:
Lemma 8.3. (i) jD43ðaÞj ¼ 2
gþ2:34:52:11:23
n
:
(ii) Gxax is isomorphic to one of 2
9L3ð4Þ2; 210L3ð4Þ2; 210M222 and U6ð2Þ2:
(iii) D33ðaÞaD43ðaÞ:
Proof. (i) First we observe that ½Gxx :H ¼ 22:34:52:11:23 and hence
½Gx :Gax ¼ 2
gþ2:34:52:11:23
n
:
Then part (i) follow from Lemma 8.1(i).
(ii) Using [2] and the fact that Gxax contains a subgroup isomorphic to 2
9L3ð4Þ2;
the only possibilities for Gxax are
29L3ð4Þ2; 210L3ð4Þ2; 210M222; U6ð2Þ2 and Co2:
Since Gxax has at least two orbits on G1ðxÞ by Lemma 7.6, GxaxD/ Co2; and we
have (ii).
(iii) Assuming D33ðaÞ ¼ D43ðaÞ we deduce a contradiction. By Lemma 7.5 there
exists eAD13ðaÞ such that e þ xA½0; 30; 1; 32S; a12 with jG0ðe þ xÞ-D33ðaÞj ¼ 2:
Combining Lemmas 3.8, 5.8, 8.3(i), Theorem 5.5(i) and j½0; 30; 1; 32S; a12j ¼ 28:3:5
gives
2 28:3:5 217:34:52:7:11:23 ¼ 2
gþ2:34:52:11:23:r
n
;
where r is the size of the Gax orbit of G1ðxÞ containing x þ e: Hence r ¼ 224g:3:5:7:n:
Now GxaxD2
10M22 or U6ð2Þ2 (where, respectively, n ¼ 22:11; 34:11) are ruled out by
Oð3:1Þ and Oð4:7Þ: Therefore GxaxD29L3ð4Þ2 or 210L3ð4Þ2 by Lemma 8.3(ii). So r
must be an orbit size or twice an orbit size listed in O(4.3). Thus r ¼ 29:3:5 and hence
g ¼ 17 (if GxaxD29L3ð4Þ2Þ; 18 (if GxaxD210L3ð4Þ2). Consequently jD43ðaÞj ¼
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219:34:52:11:23: From the deﬁnition of D43ðaÞ; there exists cAD32ðaÞ such that c þ
xAða3;73Þ: Using Lemmas 3.8, 4.17, Theorem 4.9(iii) and jða3;73Þj ¼ 210 we
obtain
2 210  213:34:52:11:23 ¼ 219:34:52:11:23:t;
where t is the size of the Gax-orbit of G1ðxÞ containing x þ e: Therefore t ¼ 25 which
is not among the list of orbit sizes (or twice an orbit size) in O(4.3), a contradiction.
So we conclude that D33ðaÞaD43ðaÞ: &
Theorem 8.4. (i) GaxD2U6ð2Þ2; GxaxDU6ð2Þ2 and QðxÞ-GaD2:
(ii) jD43ðaÞj ¼ 224:52:23:
(iii) D43ðaÞDD3ðaÞ:
(iv) If cAD1ðxÞ-D32ðaÞ with c þ xAða3;73Þ; then x þ c lies in a Gxax orbit of G1ðxÞ
of size 891. Furthermore, jG0ðlÞ-D32ðaÞj ¼ 1 and jG0ðlÞ-D43ðaÞj ¼ 2 for any l in this
orbit of G1ðxÞ:
Proof. Again let cAD32ðaÞ-D1ðxÞ with c þ xAða3;73Þ: Let eAD1ðxÞ-D13ðaÞ with
e þ xA½0; 30; 1; 32S; a22—such an e exists by Lemma 7.6. From Theorem 5.5(i) and
Lemma 8.3(i) we have 7j jD13ðaÞj and 7[jD43ðaÞj: Thus, by Lemmas 7.7 and 8.3(iii),
D13ðaÞ;D33ðaÞ and D43ðaÞ are distinct Ga-orbits of G0: Applying Lemmas 3.7 and 8.3(i)
we infer that x þ e lies in a Gxax-orbit of G1ðxÞ of size t where
jD13ðaÞj:29 ¼
2gþ2:34:52:11:23:t
n
:
Using Theorem 5.5(i) we then get
t ¼ 224g:7:n:
Let r be the size of the Gxax-orbit of G1ðxÞ containing x þ e: Then Lemmas 3.8, 4.7
and Theorem 4.9(iii) imply that
(8.4.1) r ¼ 222g:n:
Suppose that GxaxD2
9L3ð4Þ2 or 210L3ð4Þ2: So n ¼ 1 or 2 and therefore t ¼ 224g:7
or 225g:7: By O(4.3) 24 g ¼ 8 or 25 g ¼ 8; and so g ¼ 16 or 17. But then r ¼ 26
which, by examining O(4.3), we see cannot be the size of a Gxax-orbit of G1ðxÞ: So
GxaxD/ 2
9L3ð4Þ2 and GxaxD/ 210L3ð4Þ2:
Next we examine the possibility GxaxD2
10M222: Then n ¼ 22:11 and so t ¼
226g:7:11: Consulting O(3.1) we see that t ¼ 25:7:11 and so g ¼ 21: Hence, by
(8.4.1), r ¼ 88; which is not the size of a Gxax-orbit of G1ðxÞ: Thus GxaxD/ 210M222 and
consequently, by Lemma 8.3(ii), GxaxDU6ð2Þ2: Further n ¼ 34:11 and so, by (8.4.1),
r ¼ 222g:34:11; whence, by O(4.7), r ¼ 891 and g ¼ 22: This completes the proof of
the theorem. &
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By Theorem 8.4(i) and O(4.7) Gxax has three orbits on G1ðxÞ; denoted by U1; U2
and U3; the sizes of which are given inO(4.8). The point distribution for lines in U1 is
described in Theorem 8.4(iv).
Lemma 8.5. Let lAU3:
(i) jG0ðlÞ-D13ðaÞj ¼ jG0ðlÞ-D33ðaÞj ¼ jG0ðlÞ-D43ðaÞj ¼ 1:
(ii) If yAG0ðlÞ-D13ðaÞ; then lA½0; 30; 1; 32S; a22:
Proof. This is a consequence of Lemmas 3.7 and 7.6, using the orbit sizes given in
O(4.5) and Theorems 5.5(i) and 8.4(ii). &
Lemma 8.6. jD1ðxÞ-D32ðaÞj ¼ 891 and for all cAD1ðxÞ-D32ðaÞ; x þ cAU1 and c þ
xAða3;73Þ:
Proof. By deﬁnition D1ðxÞ-D32ðaÞa|: Using O(4.7), Theorem 8.4(iv) and Lemma
8.5, jD1ðxÞ-D32ðaÞj ¼ 891þ 28:34:m where m ¼ 0; 1 or 2. Hence for any
cAD1ðxÞ-D32ðaÞ;
jD1ðcÞ-D43ðaÞj ¼
jD43ðaÞj:ð891þ 28:34:mÞ
jD32ðaÞj
¼ 2
11:ð891þ 28:34:mÞ
34:11
by Theorems 4.9(iii) and 8.4(ii). Therefore m ¼ 0 and the result follows from
Theorem 8.4(iv). &
9. The Ga-orbit D
1
4ðaÞ
We now look at the set D14ðaÞ deﬁned in (2.4)(viii). The ﬁrst task is to show that
D14ðaÞ is a Ga-orbit.
Lemma 9.1. Let xAD14ðaÞ and let eAD43ðaÞ-D1ðxÞ with e þ xAU2: Set QðeÞ-Ga ¼
/gSðD2Þ: Then,
(i) g is transitive on G0ðe þ xÞ\feg; and
(ii) D14ðaÞ is a Ga-orbit of G0:
Proof. Recall, by Lemma 7.7, that D13ðaÞ and D33ðaÞ are different Ga-orbits of G0: So
by Lemmas 8.4(iv) and 8.5(i), if lAG1ðxÞ with lAU1,U3; then the two points in
G0ðlÞ\fxg lie in different Ga-orbits. Hence g ﬁxes G0ðlÞ pointwise for each lAU1,U3:
So either g is transitive on G0ðe þ xÞ\feg or gAZ1ðeÞ ¼ ZðGeÞ:
We show that gAZðGeÞ leads to a contradiction. Fix cAD32ðaÞ-D1ðeÞ with c þ
eAða3;73Þ and let fbg ¼ fa; cg> and G0ðc þ eÞ ¼ fc; e; e0g: Since c þ eAa3ðc; c þ eÞ
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and g ¼ tðc; eÞ by deﬁnition, we have bgab and bgAG0ðc þ bÞ: However gAGa and
so bg; bAfa; cg>; contrary to Theorem 4.9(ii) because cAD32ðaÞ: Therefore we have
proved part (i). Part (ii) follows from part (i) together with the fact that D43ðaÞ is a Ga-
orbit and U2 is a G
e
ae-orbit by Theorem 8.4(i). &
We return brieﬂy to the point distribution of certain lines in G1ðeÞ for eAD13ðaÞ:
Lemma 9.2. Let eAD13ðaÞ and let lAG1ðeÞ with lA½0; 30; 1; 32S ; a3: Then
jG0ðlÞ-D14ðaÞj ¼ 2:
Proof. Let fcg ¼ D22ðaÞ-D1ðeÞ and fbg ¼ D1ðaÞ-D22ðeÞ: We suppose that, in
Oe; e þ c ¼ and S ¼ fe þ cg,H2,H4 is as in O(4.5).
Since ½0; 30; 1; 32S; a3 is a Gae-orbit we may suppose that l ¼
: Let yAD1ðeÞ with e þ y ¼
: By Lemma 7.6 we may assume that yAD43ðaÞ because
e þ yA½0; 30; 1; 32S; a22: We have lAa1ðe; e þ yÞ by O(3.2) because l  ðe þ yÞ ¼ 0 and
lies in ðlÞ0-ðe þ yÞ0: Fix a point x in
G0ðlÞ\feg; so xAD1ðyÞ: Let G0ðx þ yÞ ¼ fx; x0; yg: Then e þ x0Aa3ðe; e þ cÞ by
[Theorem 5.11;5] because e þ x ¼ lAa3ðe; e þ cÞ and e þ yAa22ðe; e;þcÞ: Also we
can check that e þ x0 ¼ using O(3.3). Therefore e þ
x0A½0; 30; 1; 32S; a3 by deﬁnition.
To complete the proof we must show y þ xAU2; whence xAD14ðaÞ by deﬁnition.
Suppose ﬁrst that y þ xAU1 and argue for a contradiction. By Theorem 8.4(iv), one
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of x or x0 lies in D32ðaÞ: Hence G0ðlÞ-D32ðaÞa| because ½0; 30; 1; 32S; a3 is a Gae-orbit.
Using Lemmas 3.8 and 4.17 together with Theorems 4.9(iii) and 5.5(i) we have at
least
jD13ðaÞj:214
2:jD32ðaÞj
¼ 217:7
points in D1ðc0Þ-D13ðaÞ for every c0AD32ðaÞ: Since jD1ðc0Þj ¼ 93; 150 we have our
required contradiction.
Next we assume that y þ xAU3: By Lemma 7.6, one of x and x0 lies in D13ðaÞ and
the other lies in D33ðaÞ: Since ½0; 30; 1; 32S; a3 is a Gae-orbit, jG0ðlÞ-D13ðaÞj ¼ 2 and
jG0ðlÞ-D33ðaÞj ¼ 1: Let c1Afb; eg>-D12ðaÞ-D12ðxÞ: (For example we could choose c1
with e þ c1 ¼ :) Then c1AD1ðcÞ by Lemma 5.5(iii).
Using Lemma 3.3, tðc; c1Þ ¼ tðc; bÞtðc1; bÞ: Therefore tðc; c1ÞAGa by Lemma 3.2
because b þ aAa22ðb; b þ cÞ-a12ðb; b þ c1Þ: We also have tðc; c1Þ ¼ tðc; eÞtðc1; eÞ by
Lemma 3.3 again and so tðc; c1Þ interchanges the two points in G0ðlÞ\feg by Lemma
3.2 because e þ xAa12ðe; e þ c1Þ-a3ðe; e þ cÞ: Therefore the points in G0ðlÞ\feg lie in
the same Ga-orbit. We now have a contradiction because G0ðlÞ\feg contains one
point in each of D13ðaÞ and D33ðaÞ and D13ðaÞaD33ðaÞ by Lemma 7.7. &
For the remainder of Section 9, x is a ﬁxed point in D14ðaÞ: By deﬁnition, there
exists eAD43ðaÞ-D1ðxÞ with e þ xAU2:
Theorem 9.3. (i) GaxDHS2 and QðxÞ-Ga ¼ 1:
(ii) jD14ðaÞj ¼ 231:34:23:
(iii) If eAD43ðaÞ-D1ðxÞ with e þ xAU2; then x þ e lies in a Gax-orbit of G1ðxÞ of
length 100.
Proof. Let eAD43ðaÞ-D1ðxÞ with e þ xAU2: By O(4.7), Theorem 8.4 and Lemma 9.1
we have GaexDM222:
Suppose, for a contradiction that D14ðaÞ ¼ D43ðaÞ: So xAD43ðaÞ: By Lemma 9.2 there
exists fAD13ðaÞ-D1ðxÞ with f þ xA½0; 30; 1; 32S; a3: Hence, using Lemma 8.5(ii),
x þ feU3: Also, by Theorem 8.4(iv), x þ feU1 (as feD32ðaÞ,D43ðaÞ) whence x þ
fAU2: Therefore, by deﬁnition, fAD14ðaÞ and then fAD43ðaÞ; a contradiction. Thus
D14ðaÞaD43ðaÞ:
We now show that
(9.3.1) Gax-QðxÞ ¼ 1:
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Let G0ðe þ xÞ ¼ fe; x0; xg: Then eAD43ðaÞ; x0AD14ðaÞ and D43ðaÞaD14ðaÞ imply that
Gax-QðxÞpGaex: Therefore Gax-QðxÞ is a normal 2-subgroup of GaexDM222 and
hence Gax-QðxÞ ¼ 1:
Let n ¼ ½Gax : Gaex: Since ½Co2 : M222 ¼ 210:34:52:23; (9.3.1) implies that
(9.3.2) jD14ðaÞj ¼
233:34:52:23
n
:
Set m to be the size of the Gax-orbit of G1ðxÞ containing x þ e: Since jU2j ¼ 28:34
by O(4.7), Lemmas 3.6 and 9.1(i) and (9.3.2) yield
jD43ðaÞj:28:34:2 ¼
233:34:52:23:m
n
and so, using Lemma 8.4(ii), we get m ¼ n:
(9.3.3) na1:
If n ¼ 1; then (9.3.2) implies that jD14ðaÞj ¼ 233:34:52:23: Let fAD13ðaÞ-D1ðxÞ with
f þ xA½0; 30; 1; 32S; a3 ( f exists by Lemma 9.2). We have
233:34:52:23:m0 ¼ 217:34:52:11:23:214:2
by O(4.5), Theorem 5.5(i) and Lemmas 3.8, 5.8 and 9.2, where m0 is the size of the
Gax-orbit of G1ðxÞ which contains x þ f : So
2:m0 ¼ 7:11
which is impossible. Hence (9.3.3) is proved.
Using [2] and the fact that GxaxpGxx DCo2; (9.3.3) implies that Gxax is isomorphic
to one of
210M222; U6ð2Þ2; HS2 and Co2
(note that McL contains M22 but not M222DAutM22). Suppose that GxaxD2
10M222:
Then n ¼ m ¼ 210: However m is the size of a Gax-orbit on G1ðxÞ and 210M222 has no
orbits of length 210 on G1ðxÞ: So GxaxD/ 210M222: Next we assume that GxaxDU6ð2Þ2:
So n ¼ m ¼ 28:34 and (9.3.2) gives
jD14ðaÞj ¼ 225:52:23:
With m0 as in (9.3.3) we now get m0 ¼ 27:34:7:11: However, m0 is the length of a Gxax-
orbit of G1ðxÞ and we again get a contradiction using O(4.8). Hence GxaxD/ U6ð2Þ2:
Finally GxaxD/ Co2 because there exist at least two G
x
ax-orbits on G1ðxÞ by Lemma 9.2
and the deﬁnition of D14ðaÞ but Co2 is transitive on G1ðxÞ: Therefore we have proved
part (i). It follows that n ¼ 100 and now (9.3.2) completes the proof of Theorem
9.3. &
By Theorem 9.3(i), Gax has ﬁve orbits on G1ðxÞ as described in O(4.8).
Lemma 9.4. (i) D14ðaÞaDi3ðaÞ for i ¼ 1; 2; 3; 4:
(ii) D14ðaÞDD4ðaÞ:
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Proof. Since jD14ðaÞj ¼ 231:34:23 by Lemma 9.3(ii) we have D14ðaÞaDi3ðaÞ for i ¼ 1; 2
and 4 by Lemmas 5.5(i), 6.5(ii) and 8.4(ii). Suppose D14ðaÞ ¼ D33ðaÞ: Then for any
cAD32ðaÞ-D1ðxÞ we have jD1ðcÞ-D14ðaÞj ¼ 210:3:7:2þ 210:2 by deﬁnition and O(4.4).
Then
jD1ðxÞ-D32ðaÞj ¼
213:34:52:11:23:ð211:3:7þ 211Þ
231:34:23
by Lemma 3.6 and Theorems 4.9(iii) and 9.3(ii). Since jD1ðxÞ-D32ðaÞjeZ we have a
contradiction and the proof is complete. &
Lemma 9.5. Let eAD43ðaÞ-D1ðxÞ: Then e þ xAU2 and x þ eAHS: Moreover for all
lAHS; jG0ðlÞ-D43ðaÞj ¼ 1 and jG0ðlÞ-D14ðaÞj ¼ 2:
Proof. By Theorem 8.4(iv) and Lemmas 8.5 and 9.4, if kAG1ðeÞ with kAU1,U3 we
have G0ðkÞ-D14ðaÞ ¼ |: Appealing to Theorem 9.3(iii), O(4.8) and the deﬁnition of
D14ðaÞ yields the result. &
Lemma 9.6. Let eAD13ðaÞ-D1ðxÞ: Then e þ xA½0; 30; 1; 32S; a3 and x þ
eA½6; 60; 2; 32HS: Furthermore for all lA½6; 60; 2; 32HS; jG0ðlÞ-D13ðaÞj ¼ 1 and
jG0ðlÞ-D14ðaÞj ¼ 2:
Proof. Using O(4.5) together with Lemmas 5.5, 5.7, 7.1, 7.2, 7.3, 7.4, 7.5, 7.6 and 9.2
we have
jD1ðeÞ-D14ðaÞj ¼ 2:14:2þ 211:3:n
where n ¼ 0; 1 or 2. Therefore
jD1ðxÞ-D13ðaÞj ¼
jD13ðaÞj:ð215 þ 211:3:nÞ
jD14ðaÞj
¼ 5
2:7:11ð24 þ 3:nÞ
23
:
For this to be an integer we must have n ¼ 0: Therefore jD1ðeÞ-D14ðaÞj ¼ 214:2 and
jD1ðxÞ-D13ðaÞj ¼ 2:52:7:11: The result now follows by O(4.5), O(4.8) and Lemma
9.2. &
10. And now the Ga-orbit D
3
3ðaÞ
We now let x be a ﬁxed point in D33ðaÞ: By deﬁnition there exists dAD32ðaÞ-D1ðxÞ
with d þ xAða3;71Þ:
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Lemma 10.1. (i) D33ðaÞ is a Ga-orbit.
(ii) D33ðaÞDD3ðaÞ:
Proof. (i) This follows from O(4.4), (2.4)(vi), Theorem 4.9(i),(iv) and Lemma 4.17.
(ii) If D33ðaÞD/ D3ðaÞ; then Theorems 3 and 4 yield that D33ðaÞ ¼ D32ðaÞ: Now Lemma
7.6 gives us lines with one point in D13ðaÞ; one in D43ðaÞ and one in D32ðaÞ: Using the
sizes of D13ðaÞ;D32ðaÞ and ½0; 30; 1; 32S ; a22 together with Lemma 3.7 reveals a
contradiction. So D33ðaÞDD3ðaÞ: &
Lemma 10.2. There exists cAD22ðaÞ-D22ðxÞ with jfc; xg>-D32ðaÞj ¼ 27 and
jfc; xg>-D13ðaÞj ¼ 36: Let d be a fixed point in fc; xg>-D32ðaÞ: Then the following hold:
(i) zAD1ðdÞ for ten zAfc; xg>-D32ðaÞ and zAD22ðdÞ for sixteen zAfc; xg>-D32ðaÞ:
(ii) d þ xAða3;71Þ:
(iii) fx þ dijdiAfc; xg>-D32ðaÞg can be identified with CS as given in O(3.7).
(iv) Let c0AD22ðaÞ-D22ðxÞ with c0ac: Then c0 is not collinear with any of the points in
fc; xg>-D32ðaÞ:
Proof. By Lemma 7.6 we may choose eAD1ðxÞ-D13ðaÞ with e þ xA½0; 30; 1; 32S; a22;
where S ¼ Sðd; cÞ; fcg ¼ D1ðeÞ-D22ðaÞ and fbg ¼ D1ðaÞ-D22ðeÞ: We may suppose
that, in Oe; e þ c ¼ with S ¼ fe þ cg,H2,H4 as in
O(4.5). Since ½0; 30; 1; 32S; a22 is a Gae-orbit, we may assume that
e þ x ¼ : So we have, using Lemma 5.7,
(10.2.1). There are 15 lines lAG1ðeÞ with lAa1ðe; e þ xÞ-a1ðe; e þ cÞ and for each l
we have lA½7; 56; 0; 0S; a1: Moreover, each of these lines is incident with one point
in D32ðaÞ:
Hence the set
S ¼ fx; cg>-D1ðeÞ-D32ðaÞ-D12ðbÞ
has exactly 15 elements. Let G0ðe þ xÞ ¼ fe; e0; xg: Then eAD43ðaÞ by Lemma 7.6. For
each dAS; d þ eAða12;Þ by Lemma 5.7 and d þ e0Aða3;73). Hence
d þ xAða3;71Þ,ða3;73) by [5, Lemma 5.9]. Since xAD33ðaÞ we must have d þ
xAða3;71Þ using Lemma 8.3(iii) and the deﬁnitions of D33ðaÞ and D43ðaÞ: Set fb0g ¼
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fa; dg>: In Od we let d þ b0 ¼ with Gad ﬁxing the
element : Since (a3;71Þ is a Gad -orbit of G1ðdÞ we may
suppose that d þ x ¼ : Then we must have d þ c ¼
because d þ cAa22ðd; d þ xÞ-ða1;þÞ by Lemma 4.5
and the fact that xAD22ðcÞ: We now ﬁx dAfc; xg>-D32ðaÞ and count how many
possibilities there are for the line d þ e subject to d þ eAða12;Þ-a1ðd; d þ
cÞ-a1ðd; d þ xÞ with d þ e0Aða3;73Þ: There are ten such lines. These are
T :¼ fd þ eiji ¼ 1; 2;y; 10g ¼
f ; ;
; ;
; ;
; ;
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; :
It can be checked that each of these lines l satisﬁes l  ðd þ xÞ ¼ 0; lo-ðd þ xÞoa|
and so there exists PAG2ðl; d þ xÞ by O(3.3). Also if l0AG1ðd; PÞ\fl; d þ xg; then we
can use O(3.3) to show that l0Aða3;73Þ:
For each ei ði ¼ 1;y; 10Þ let G0ðd þ eiÞ ¼ fd; ei 0; eig: We have cAD22ðxÞ and so in
Ox; we may suppose that x þ d ¼ and the set of 63
vectors left invariant by Gxc is the set S in O(4.2). We have
ei; ei
0Afx; cg>-D1ðdÞ-D13ðaÞ for each i ¼ 1;y; 10: Also, we know that for any
i; d þ eiAa1ðd; d þ ejÞ for three j and d þ eiAa22ðd; d þ ejÞ for the remaining six
jAf1;y; 10g\fig: Putting this together with the deﬁnition of ei 0 we see that the duads
underlying the set fx þ ei; x þ ei 0ji ¼ 1;y; 10g are contained in
h ¼ and each duad does not contain a ﬁxed element
of h: Therefore we may assume (up to a possible relabelling) that the 20 duads are,
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For each ei (respectively ei
0) there are six points in D1ðeiÞ (respectively D1ðei 0ÞÞ
contained in fx; cg>-D1ðdÞ-D32ðaÞ: Letting i run from 1 to 10 we get the lines
x þ d1; x þ d2;y; x þ d11; corresponding to y1;y; y11 in O(3.7), where for each
j; djAfx; cg>-D1ðeiÞ-D13ðaÞ for some i ¼ 1;y; 10 and d ¼ d1:
For any ei (i ¼ 1;y; 10Þ we can apply (10.2.1) with ei playing the role of
e to show that the set fzAfx; cg>jzAD1ðeiÞg contains 15 points in D32ðaÞ and 15
points in D13ðaÞ: Letting i run 1 to 10 we get lines x þ d12;y; x þ d27;
corresponding to y12;y; y27 in O(3.7), where for j ¼ 12;y; 27;
djAfx; cg>-D1ðeiÞ-D32ðaÞ for some i: Furthermore the remaining 16 points
zAfx; cg>\d1;y; d27;e1;y; e10; e10;y; e100g lie in D13ðaÞ: Hence parts (i) and (iii)
are proved.
For part (ii), we know that D33ðaÞaDi2ðaÞ; D13ðaÞ; D43ðaÞ ði ¼ 1; 2; 3Þ
by Lemmas 4.1, 7.7 and 8.3(iii). Therefore d þ xAða3;71Þ by O(4.4),
Theorem 5.5 and Lemmas 4.3, 4.5, 5.7 and 6.2 together with the deﬁnitions of
D33ðaÞ and D43ðaÞ:
It only remains to consider part (iv). Suppose yAfc; xg>-fc0; xg>-D32ðaÞ and let
fbg ¼ fa; yg>: At y we may suppose that y þ b ¼ and
y þ x ¼ :
Then there is a unique line in ða1;þÞ lying in a22ðy; y þ xÞ; namely
: Since y þ c; y þ c0Aa22ðy; y þ xÞ-ða1;þÞ we must have
y þ c ¼ y þ c0: However, any line in ða1;þÞ is incident with a unique point in D22ðaÞ:
So c ¼ c0; a contradiction. Thus part (iv) holds and this completes the proof of
Lemma 10.2. &
Theorem 10.3. (i) GxaxD2
1þ8U4ð2Þ2 and QðxÞ-GaD2:
(ii) jD33ðaÞj ¼ 224:32:52:7:11:23:
(iii) jD1ðxÞ-D32ðaÞj ¼ 27 and jD1ðxÞ-D43ðaÞj ¼ 36: Moreover, if lAG1ðxÞ with
G0ðlÞ-D32ðaÞa| (respectively G0ðlÞ-D43ðaÞa|), then lACS (respectively
½15; 0; 12; 0CS).
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Proof. By Theorem 8.5 we may choose eAD1ðxÞ-D43ðaÞ with e þ xAU3 (U1; U2 and
U3 are the Gae-orbits of G1ðeÞ as given in O(4.7)). Since U3 is a Gae-orbit we may
without loss take e þ x to be : Let G0ðe þ xÞ ¼ fe; e0; xg:
Then e0AD13ðaÞ by Lemma 8.5(i). Let lAG1ðeÞ with l ¼
AU2: By O(3.2) e þ xAa1ðe; lÞ: Let zAG0ðlÞ\feg: Then
by (2.5) and the deﬁnition of D14ðaÞ; zAfx; e0g>-D14ðaÞ: By Lemma 9.6 z þ
e0A½6; 60; 20; 32HS and consulting O(4.8) and using the fact that D13ðaÞaD33ðaÞ and
z þ eAHS; we see that z þ xA½1; 40; 5; 54HS: Thus GazzþxD25S5: Now, using
Lemmas 9.5 and 9.6 it follows that G0ðz þ xÞ\fzg consists of a D33ðaÞ point and a
D14ðaÞ point. Hence, by Lemma 9.4(i), GazxDGazzþxD25S5:
We now study QðxÞ-Ga; set Q ¼ QðxÞ-Gaz: Then ½QðxÞ-Ga : Qp2 and Q is a
normal 2-subgroup of Gazx: Supposing that Qa1 we argue for a contradiction. Since
a minimal normal 2-subgroup of GazxD25S5 has order 24; jQjX24: We observe that
there are exactly 15 lines e þ ci ði ¼ 1;y; 15Þ contained in U1-a1ðe; e þ zÞ and they
are:
4vN þ 4v14; 4v074viði ¼ 8; 15; 18Þ;
and :
Since QpQðxÞ and, by deﬁnition of D33ðaÞ; ci is the only D32ðaÞ point in G0ðx þ
ciÞ\fxg; Q ﬁxes each of c1;y; c15: Consequently, Q ﬁxes the lines e þ ci; i ¼ 1;y; 15:
In particular, Q ﬁxes the line 4vN þ 4v14 and so, in our concrete realization of
G1ðeÞ; Q acts (up to sign) as a permutation of the MOG. Hence Q must leave the
octad O1 invariant and, by considering 4v074vi ði ¼ 8; 15; 18Þ must also ﬁx 0; 8; 15
and 18: Therefore Q contains a subgroup Q0 of order 2
3 which ﬁxes O1 element-wise.
By O(4.7)
U2 ¼ ða12;þÞ,ða22;Þ,ða3;3Þ,ða3; 1Þ
where, in our present situation, the aij are with respect to 4vN þ 4v14 ¼ e þ c1:
Because e þ xAa1ðe; e þ c1Þ and e þ zAa1ðe; e þ xÞ; e þ zea3ðe; e þ c1Þ: So, as e þ
zAU2; e þ zAða12;þÞ,ða22;Þ: Since Q0 ﬁxes the line e þ c1 and the distinguished
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element for ða12;þÞ; ða22;Þ is the element of the MOG ﬁxed by Geeeþc1-Geae and Q0
does not ﬁx any elements in Oe\O1; the distinguished element must be in O1:
Therefore the octad O underlying e þ z must have a non-empty intersection with O1:
Now elements of Q0 will either leave O2 and O3 invariant or interchange them from
which we infer that there is a Q0-invariant subset of O-ðO2,O3Þ of size 4. But this
is impossible as Q0 acts regularly upon O2,O3: From this contradiction we deduce
that Q ¼ 1 and hence jQðxÞ-Gajp2:
Let D22ðaÞ-D1ðe0Þ ¼ fdg and cAD32ðaÞ-fd; xg> with c þ xAða3;71Þ (such a c
exists by Lemma 10.2(iii)). By Theorem 4.9(iv), O(4.4) and Lemma 10.2(iv) Gadx
contains a subgroup isomorphic to [214S5 whence, as jQðxÞ-Gajp2; Gxadx contains a
subgroup isomorphic to [214eS5 (e ¼ 0; 1Þ: Looking from e0; Theorem 5.5(ii),
Lemma 8.5(ii) and O(4.5) yield that Gae0e0þxD½211S6: Since d is the unique point in
D22ðaÞ-D1ðe0Þ and G0ðe0 þ xÞ\fe0g has one point in D33ðaÞ and one in D43ðaÞ;
Gae0e0þxpGadx: Put K ¼ /½214S5; Gae0e0þxSðpGadxÞ: Combining Lemma 10.2(iii) and
O(4.6) gives Kxp21þ8U4ð2Þ2: Since ½214eS5pKx and ½214eS5 is a maximal
subgroup of 21þ8U4ð2Þ2; we conclude that KxD21þ8U4ð2Þ2 and that e ¼ 1: Thus
jQðxÞ-Gaj ¼ 2:
We are now in a position to identify Gxax : From 2
1þ8U4ð2Þ2DKxpGxax ; [2] forces
Gxax to be isomorphic to one of
21þ8U4ð2Þ2; U6ð2Þ2; 21þ8Sp6ð2Þ and Co2:
Let n ¼ ½Gxax : Kx: So
jD33ðaÞj ¼
224:32:52:7:11:23
n
:
Let m be the size of the Gax-orbit on G1ðxÞ containing x þ c: Then Lemmas 3.8 and
4.17 together with the orbit sizes given in O(4.3) and Theorem 4.9(iii) give
213:34:52:11:23:210:3:7:2 ¼ 2
24:32:52:7:11:23:m
n
and so m ¼ 27:n:
Suppose that GxaxDU6ð2Þ2: Then n ¼ 32:7:11 and m ¼ 35:7:11: However U6ð2Þ2
has no orbit of length 35:7:11 by O(4.7). Therefore GxaxD/ U6ð2Þ2: Similarly if
GxaxD2
1þ8Sp6ð2Þ we get m ¼ 22:33:7 and we again get a contradiction because
21þ8Sp6ð2Þ has no orbits of length 22:33:7 by O(4.2). Finally GxaxD/ Co2 because Gxax
has at least two orbits on G1ðxÞ by Lemmas 7.5 and 7.6 but Co2 is transitive on
G1ðxÞ: Therefore we have GxaxD21þ8U4ð2Þ2 and jD33ðaÞj ¼ 224:32:52:7:11:23 as
required.
Theorem 4.9(iii) gives jD32ðaÞj ¼ 213:34:52:11:23 and, by O(4.4), jða3; c þ x;71Þj ¼
210:3:7 ðcAD1ðxÞ-D32ðaÞÞ: Then, using part (ii) and counting edges between D32ðaÞ
and D33ðaÞ; we obtain jD1ðxÞ-D32ðaÞj ¼ 27: From Theorem 8.4(ii) and O(4.7) we get
jD43ðaÞj ¼ 224:52:23 and jU3j ¼ 22:34:7:11 and then counting yields jD1ðxÞ-
D43ðaÞj ¼ 36:
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Since flAG1ðxÞjG0ðlÞ-D32ðaÞa|g and flAG1ðxÞjG0ðlÞ-D43ðaÞa|g must be unions
of Gxax-orbits of G1ðxÞ; part (i) and O(4.6) complete the veriﬁcation of part (iii). &
Lemma 10.4. (i) There exists a unique point cAD22ðaÞ-D22ðxÞ:
(ii) Let dAD32ðaÞ-D1ðxÞ: Then dAfc; xg>; d þ xAða3;71Þ and x þ cACS:
Moreover, for all lACS; jG0ðlÞ-D32ðaÞj ¼ 1 and jG0ðlÞ-D33ðaÞj ¼ 2:
Proof. (i) Suppose, for a contradiction, there exists c0AD22ðaÞ-D22ðxÞ with c0ac:
Then fc0; xg>-fc; xg>-D32ðaÞ ¼ | by Lemma 10.2(iv). This together with Theorem
10.3 implies that fc0; xg>DD13ðaÞ: Let yAfc0; xg>: Then y þ xAa22ðy; y þ c0Þ because
c0AD22ðxÞ: Considering the orbit information in Theorem 6, we must have y þ
xA½0; 30; 1; 32S; a22: However, we can now argue as in the proof of Lemma 10.2 (with
c replaced by c0) to show that fc0; xg>-D32ðaÞa|: This gives the required
contradiction as fc0; xg>DD13ðaÞ:
(ii) By Theorems 5.5(i), 6.5(ii), 8.4(ii) and 10.3(ii) we have D33ðaÞaDi3ðaÞ for i ¼ 1; 2
and 4. So for any dAD32ðaÞ-D1ðxÞ we have jD1ðdÞ-D33ðaÞj ¼ 211:3:7 by the deﬁnition
of D33ðaÞ and O(4.4). Using jD1ðxÞ-D32ðaÞj ¼ 27 (by Theorem 10.3(iii)), O(4.4) and
Lemma 10.2(iii) we see that part (ii) holds. &
Lemma 10.5. Let lAG1ðxÞ with lA½15; 0; 12; 0CS: Then the following hold:
(i) jG0ðlÞ-D13ðaÞj ¼ jG0ðlÞ-D43ðaÞj ¼ 1:
(ii) If dAG0ðlÞ-D13ðaÞ; then lA½0; 30; 1; 32S; a22:
(iii) If fAG0ðlÞ-D43ðaÞ; then lAU3:
Proof. Let fAD1ðxÞ-D43ðaÞ: Then f þ xAU3 by Theorem 8.4(iv) and Lemmas 8.5
and 9.4(i). Using the orbit sizes in O(4.7) and Theorems 8.4(ii) and 10.3(ii), together
with Lemma 3.6 we have jD1ðxÞ-D43ðaÞj ¼ 36: The lemma now follows from O(4.8)
and Lemmas 7.6 and 8.5. &
Since the orbit sizes for D13ðaÞ; D23ðaÞ; D33ðaÞ and D43ðaÞ are all different we have
the following symmetry result which is required in the proof of Lemma 10.7.
Lemma 10.6. aAD33ðxÞ:
Lemma 10.7. Let eAD13ðaÞ and lAG1ðeÞ with lA½1; 20; 10; 32S; a3:
(i) jG0ðlÞ-D13ðaÞj ¼ 1 and jG0ðlÞ-D33ðaÞj ¼ 2:
(ii) If fAG0ðlÞ-D33ðaÞ; then lA½1; 8; 2; 16CS :
Proof. Set fbg ¼ D1ðaÞ-D22ðeÞ and fcg ¼ D22ðaÞ-D1ðeÞ: Let d be any point in
G0ðlÞ\feg: Then e þ dAa3ðe; e þ cÞ and dAD32ðbÞ by Lemma 4.15 and the deﬁnition of
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½1; 20; 10; 32S ; a3: Also there exists c0Afb; eg> with c0AD1ðdÞ: Since e þ dAa3ðe; e þ
cÞ we must have e þ c0ea1ðe; e þ cÞ: So by O(4.5), c0AD22ðcÞ and thus c0AD32ðaÞ; using
Theorem 5.5(iv). We have b þ aAða3;73Þd,ða3;71Þd by O(4.4) because b þ
aAa3ðb; b þ c0Þ:
In Oe we may suppose that e þ c ¼ with S as in
O(4.5) and e þ d ¼ because ½1; 20; 10; 32S; a3 is a
Gae-orbit. Let c1Afe; bg> with e þ c1 ¼ : Then
c1AD22ðdÞ-D1ðcÞ by O(3.2). So c1AD12ðaÞ by Lemma 5.5(iii) and b þ c1Aða3;73Þd
by Lemma 4.15. Therefore b þ aeða3;73Þd because any line in ða3;73Þd lies in
a22ðb; kÞ,a3ðb; kÞ for all kAða1;þÞd by O(5.1). Therefore b þ aAða3;71Þd and so
aAD33ðdÞ: Now part (i) follows because dAD33ðaÞ by Lemma 10.6. For part (ii), by
Lemma 5.8 we can use Lemma 3.8, which together with the orbit sizes given in
Theorems 5.5(i) and 10.3(ii) yields that e þ f lies in a Gaf -orbit of G1ð f Þ of size 864.
Then O(4.6) gives the result. &
Lemma 10.8. Let lAG1ðxÞ with lA½3; 24; 0; 0CS: Then jG0ðlÞ-D13ðaÞj ¼ 1 and
jG0ðlÞ-D33ðaÞj ¼ 2:
Proof. By Lemma 7.5 there exists eAD1ðxÞ-D13ðaÞ with e þ xA½0; 30; 1; 32S; a12: Also
G0ðe þ xÞ\fegDD33ðaÞ: Therefore Lemmas 3.8 and 5.8 imply that x þ e lies in a Gax-
orbit of size
2:jD13ðaÞj:210:3:5
jD33ðaÞj
¼ 24:33:5:
Appealing to O(4.6) we get x þ eA½3; 24; 0; 0CS and so the lemma is proved because
½3; 24; 0; 0CS is a Gax-orbit. &
Lemma 10.9. Let lAG1ðxÞ with lA½1; 0; 10; 16CS: Then
(i) jG0ðlÞ-D23ðaÞj ¼ 1 and jG0ðlÞ-D33ðaÞj ¼ 2; and
(ii) if eAG0ðlÞ-D23ðaÞ; then l lies in a Gae-orbit of size 28:3:5:7:
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Proof. Let cAD32ðaÞ-D1ðxÞ with c þ xAða3;71Þ and set fbg ¼ fa; cg>: In Oc; we
may suppose that c þ b ¼ and that Gac ﬁxes the point
: Since ða3;71Þ is a Gac-orbit of G1ðcÞ by Theorem
4.9(iv) we can assume c þ x ¼ : Let fAD1ðcÞ with c þ
f ¼ : We have c þ fAa1ðc; c þ xÞ and c þ x0 ¼
where G0ðx þ dÞ ¼ fx; x0; dg by O(3.3) because
o 4 lies in ðc þ xÞo-ðc þ f Þo: Therefore c þ
fAða12;Þ and c þ x0Aða3;71Þ: By deﬁnition, fAD23ðaÞ and x0AD33ðaÞ: Using Lemma
10.4(ii) we have that x þ cACS: Thus
x þ fACS,½15; 0; 12; 0CS,½3; 24; 0; 0CS,½1; 8; 2; 16CS,½1; 0; 10; 16CS
by O(4.6) because x þ fAa1ðx; x þ cÞ: Since D23ðaÞaDi3ðaÞ for i ¼ 1; 3; 4 we must
have x þ fA½1; 0; 10; 16CS by Lemmas 10.4(ii), 10.5(i), 10.7 and 10.8. &
Lemma 10.10. Let lAG1ðxÞ with lA½0; 10; 5; 12CS:
(i) jG0ðlÞ-D14ðaÞj ¼ 2:
(ii) If yAG0ðlÞ-D14ðaÞ; then l ¼ y þ xA½1; 40; 5; 54HS:
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Proof. By Lemma 10.5 there exists eAD1ðxÞ-D43ðaÞ with e þ xAU3 and x þ
eA½15; 0; 12; 0CS: We suppose that, in Oe; U1; U2 and U3 are as described in
O(4.7). Since U3 is a Gae-orbit we may set e þ x ¼ : Let
yAD1ðeÞ with e þ y ¼ : Therefore e þ xAa1ðe; e þ yÞ:
Also, if we let G0ðx þ yÞ ¼ fx; y0; yg we have e þ y0 ¼
by O(3.3) because / S lies in ðe þ xÞo-ðe þ yÞo-ðe þ
y0Þo: By deﬁnition e þ y; e þ y0AU2 and so y; y0AD14ðaÞ: Since x þ yAa1ðx; x þ eÞ and
x þ eA½15; 0; 12; 0CS; we must have
x þ yACS,½15; 0; 12; 0CS,½3; 24; 0; 0CS,½1; 8; 2; 16CS,½0; 10; 5; 12CS
by O(4.6). Appealing to Lemmas 10.4(ii), 10.5(i), 10.7 and 10.8 together with the fact
that D14ðaÞaDi3ðaÞ for i ¼ 1; 2; 3; 4 by Lemma 9.4(i), we obtain x þ yA½0; 10; 5; 12CS ;
as required. &
11. Dotting i’s and crossing t’s
In this section we complete our investigation (at last!) of the point distribution of
lines in G1:
Lemma 11.1. Let xAD14ðaÞ and lAG1ðxÞ with lA½0; 8; 28; 64HS : Then
jG0ðlÞ-D23ðaÞj ¼ 1 and jG0ðlÞ-D14ðaÞj ¼ 2:
Proof. Let eAD1ðxÞ-D13ðaÞ with e þ xA½0; 30; 1; 32S; a3 (e exists by Lemma 9.2).
Suppose that the Gae-orbits of G1ðeÞ are as described in O(4.5). Since
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½0; 30; 1; 32S ; a3 is a Gae-orbit we may set e þ x ¼ : Let
x0; yAD1ðeÞ with e þ x0 ¼ and e þ y ¼
: Then e þ x; e þ x0 and e þ y are incident with the
same plane in G2 by O(3.3) because / S lies in ðe þ
xÞo-ðe þ x0Þo-ðe þ yÞo: Therefore we may assume that G0ðx þ yÞ ¼ fx; x0; yg: By
deﬁnition, e þ yA½1; 20; 10; 32S; a22 and e þ x0A½0; 30; 1; 32S; a3 and so we can
assume that yAD23ðaÞ and x0AD14ðaÞ by Lemmas 7.4 and 9.2. Using O(4.8) and
Lemmas 9.5, 9.6 and 10.10(ii), x þ yA½0; 8; 28; 64HS,½0; 60; 0; 40HS:
We suppose x þ yA½0; 60; 0; 40HS and argue for a contradiction. By Theorem
9.3(iii) and Lemmas 9.6 and 10.10, G0ðkÞ-D23ðaÞ ¼ | for any
kAG1ðxÞ-ðHS,½6; 60; 2; 32HS,½1; 40; 5; 54HSÞ: Therefore
jD1ðxÞ-D23ðaÞj ¼ j½0; 60; 0; 40HSj þ j½0; 8; 28; 64HSj:m
¼ 23:52:7:11þ 3:53:11:m;
where m ¼ 0; 1 or 2. Let n ¼ jD1ðyÞ-D14ðaÞj: Using Lemma 3.6 we have
jD23ðaÞj:n ¼ jD14ðaÞj:ð23:52:7:11þ 3:53:11:mÞ:
By O(4.8) and Theorems 6.5(ii) and 9.3(ii) we have nX214:7 ¼ 114; 688: This is
impossible because jD1ðyÞj ¼ 93; 150 by Lemma 3.9(ii) and so the lemma holds
because ½0; 8; 28; 64HS is a Gax-orbit. &
Lemma 11.2. Let xAD14ðaÞ and lAG1ðxÞ with lA½0; 60; 0; 40HS :
(i) jG0ðlÞ-D33ðaÞj ¼ 2 and jG0ðlÞ-D14ðaÞj ¼ 1:
(ii) If yAG0ðlÞ-D33ðaÞ; then lA½0; 15; 0; 12CS:
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Proof. By Lemma 9.2 there exists eAD1ðxÞ-D13ðaÞ with e þ xA½0; 30; 1; 32S; a3: Let
the Gae-orbits of G1ðeÞ be as described in O(4.5). Since ½0; 30; 1; 32S; a3 is a Gae-orbit
we may set e þ x ¼ : Let y; y0AD1ðeÞ with e þ y ¼
and e þ y0 ¼ : Then e þ
x; e þ y and e þ y0 are incident with the same plane in G2 by O(3.3) because
/ S lies in ðe þ xÞo-ðe þ yÞo-ðe þ y0Þo: Hence we may
suppose that G0ðx þ yÞ ¼ fx; y0; yg: By deﬁnition, e þ yA½1; 20; 10; 32S; a3 and e þ
x0A½0; 30; 1; 32S; a12 and so we can assume that y; y0AD33ðaÞ using Lemmas 7.5 and
10.7(ii). Appealing to Lemmas 9.5, 9.6, 10.10(ii) and 11.1 together with O(4.8), we
must have x þ yA½0; 60; 0; 40HS; which gives part (i).
By Theorem 9.3(iii) and Lemmas 9.6, 10.10(ii) and 11.1 together with part (i),
jD1ðxÞ-D33ðaÞj ¼ j½0; 60; 0; 40HSj:2þ j½1; 40; 5; 54HSj:
Therefore Lemma 3.6 together with the orbit sizes given in O(4.8) and Theorems
9.3(ii) and 10.3(ii) implies that
jD1ðyÞ-D14ðaÞj ¼
jD14ðaÞj:ð22:3:52:7:11þ 23:52:7:11:2Þ
jD33ðaÞj
¼ 29:32:7: ðÞ
For any kAG1ðyÞ-½0; 10; 5; 12CS we have jG0ðkÞ-D14ðaÞj ¼ 2 by Lemma 10.10.
Furthermore, Lemmas 10.4(ii), 10.5(i), 10.7(ii), 10.8 and 10.9 imply that for any
kAG1ðyÞ with G0ðkÞ-D14ðaÞa| we must have kA½0; 10; 5; 12CS,
½0; 10; 1; 16CS,½0; 15; 0; 12CS: Therefore, by O(4.6) and ðÞ; we must have y þ
xA½0; 15; 0; 12CS; so the lemma is proved. &
Lemma 11.3. For xAD23ðaÞ; GxaxDð21þ6  24ÞA8 and jGax-QðxÞj ¼ 24:
Proof. Let zAD1ðxÞ-D14ðaÞ: By Lemmas 9.5, 9.6, 10.10(ii), 11.1 and 11.2, if lAG1ðzÞ
is such that G0ðlÞ-D23ðaÞa|; then lA½0; 8; 28; 64HS; so since jG0ðlÞ-D23ðaÞj ¼ 1;
D1ðzÞ-D23ðaÞ is a Gax-orbit. Hence D1ðxÞ-D14ðaÞ is a Gax-orbit by Lemma 3.6,
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whence flAG1ðxÞjG0ðlÞ-D14ðaÞa|g is a Gxax-orbit of size 210:3:5 (using
jD23ðaÞj; jD14ðaÞj and j½0; 8; 28; 64HSj ¼ 3:53:11Þ: Set H ¼ Gazx: Then HpGaxxþz and,
by O(5.4), HD43ðL3ð2Þ  2Þ: Since QðxÞ is an extraspecial group
43D½O2ðHÞ; H4/ QðxÞ and so, as ½O2ðHÞ; H only has non-central H-factors,
26:3:7jHxj: Therefore 216:32:5:7 ¼ 210:3:5 26:3:7 divides the order of jGxax j:
Recalling that Gxaxpð21þ6  24ÞA8 by Lemma 6.3(v), ð21þ6  24ÞA8 having no
subgroup of index 2 forces GxaxDð21þ6  24ÞA8: Then by Theorem 6.5(ii),
jGax-QðxÞj ¼ 24 and Lemma 11.3 is proven. &
With Lemma 11.3 to hand we can now sort out the line orbits for a point in D23ðaÞ:
Lemma 11.4. Let xAD23ðaÞ and lAG1ðxÞ:
(i) If lAP; then jG0ðlÞ-D12ðaÞj ¼ 1 and jG0ðlÞ-D23ðaÞj ¼ 2:
(ii) If lA½7; 8; 0; 0P ; then jG0ðlÞ-D32ðaÞj ¼ 1 and jG0ðlÞ-D23ðaÞj ¼ 2:
(iii) If lA½3; 8; 4; 0P ; then jG0ðlÞ-D13ðaÞj ¼ 2 and jG0ðlÞ-D23ðaÞj ¼ 1:
(iv) If lA½1; 12; 2; 0P ; then jG0ðlÞ-D13ðaÞj ¼ 1 and jG0ðlÞ-D23ðaÞj ¼ 2:
(v) If lA½0; 7; 0; 8P ; then jG0ðlÞ-D23ðaÞj ¼ 1 and jG0ðlÞ-D14ðaÞj ¼ 2:
(vi) If lA½0; 6; 1; 8P ; then jG0ðlÞ-D23ðaÞj ¼ 1 and jG0ðlÞ-D33ðaÞj ¼ 2:
Proof. Parts (i), (ii) and (v) follow from Lemma 3.6 using Theorems 3, 5
and 10 together with the orbit sizes given in Theorems 4.4(iii), 4.9(iii),
6.5(ii) and 9.3(ii). Let yAD1ðxÞ-D13ðaÞ with y þ xA½1; 20; 10; 32S; a22: By
Lemma 5.8 there exists an element of Gay interchanging x and the point in G0ðy þ
xÞ\fy; xg: Therefore we can use Lemma 3.8 to show that x þ y lies in a Gax-orbit of
size
j½1; 20; 10; 32S; a22j:jD13ðaÞj:2
jD23ðaÞj
¼ 1920:2
17:34:52:7:11:23:2
220:34:52:11:23
¼ 25:3:5:7:
So x þ yA½1; 12; 2; 0P and part (iv) follows from Lemma 7.4. Using Theorem 6 and
the orbit sizes in Theorems 5.5(i) and 6.5(ii) yields jD1ðxÞ-D13ðaÞj ¼ 5; 040: Thus we
have 1; 680 points in D1ðxÞ-D13ðaÞ not incident with a line in ½1; 12; 2; 0P by part
(iv). Looking at the orbit sizes in O(4.1) we get part (iii). For part (vi), let
yAD1ðxÞ-D33ðaÞ: Then y þ xA½1; 0; 10; 16CS,½0; 10; 1; 16CS by Lemmas 10.3, 10.7,
10.8, 10.9(i), 10.10(i) and 11.2(ii). So
jD1ðxÞ-D33ðaÞj ¼
ð4; 320þ 13; 824:mÞ:jD33ðaÞj
jD23ðaÞj
¼ 29:3:7ð5þ 24:mÞ
where m ¼ 0; 1 or 2. Now parts (i)–(v) imply that m ¼ 0 and so part (vi) follows from
Lemma 10.9(i). &
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Lemma 11.5. Let xAD33ðaÞ and lAG1ðxÞ with lA½0; 10; 1; 16CS : Then G0ðlÞDD33ðaÞ:
Proof. Let yAG0ðlÞ: We may assume, without loss, that l ¼ x þ y ¼
: Let x þ z ¼ : Then as
a0 ¼ z1 þ z2 where z1 ¼ 4vN þ 4v17 and z2 ¼ 4v14  4v17 with y:z1 ¼ 16;
y:z2 ¼ 16; x þ zAa1ðx; lÞ: Note that x þ zA½15; 0; 12; 0CS,½1; 8; 2; 16CS
,½3; 24; 0; 0CS,½1; 0; 10; 16CS: Consulting Theorem 10.3(ii) and Lemmas 10.7,
10.8 and 10.9(i), we may choose z0AG0ðlÞ so that it lies in D13ðaÞ,D23ðaÞ,D43ðaÞ and
yAD1ðz0Þ: Therefore yAD2ðaÞ,D3ðaÞ,D14ðaÞ: By Theorems 2–10 the point distribu-
tion of all lines (with the exception of ½0; 10; 1; 16CSÞ incident with points in
D1ðaÞ,D2ðaÞ,D13ðaÞ,D23ðaÞ,D43ðaÞ,D14ðaÞ is known. Moreover none of these lines
lie in ½0; 10; 1; 16CS by Lemmas 10.4(ii), 10.5(i), 10.7, 10.8, 10.9, 10.10 and 11.2. Thus
we conclude that G0ðlÞDD33ðaÞ: &
This completes our analysis of the line orbits and also the proofs of Theorems 2–
10. Furthermore, the lines from points in fag,D1ðaÞ,D2ðaÞ,D3ðaÞ,D4ðaÞ have all
been accounted for and are only incident with points in this set. Since G is connected
we have therefore shown that
G0 ¼ fag,D1ðaÞ,D12ðaÞ,D22ðaÞ,D32ðaÞ,D13ðaÞ,D23ðaÞ,D33ðaÞ,D43ðaÞ,D14ðaÞ:
Hence Theorem 1 is also proven. Additionally we have that jG0j ¼
11; 707; 448; 673; 375 ¼ 37:53:7:11:13:17:19:31:47 and that jGj ¼ 241:313:56:72:11:
13:17:19:23:31:47:
12. Identifying G and C
In this, our ﬁnal section, we shall establish Theorem 11. For xAG0; we let tx
denote the unique involution in ZðGxÞ: So for any line lAG1ðxÞ with G0ðlÞ ¼
fx; y; zg; tx ¼ tðy; zÞ:
Lemma 12.1. If xAG0 with xaa; then txata:
Proof. Clearly, it sufﬁces to show that txata for representatives x of the Ga-orbits
on G0\fag: If xAD1ðaÞ; then txata by Lemma 3.1(i).
(12.1.1) If yAD32ðaÞ; then taeGy:
Since yAD32ðaÞ; we have fa; yg> ¼ fbg and we also have that aAD32ðyÞ: By
Theorem 5 we may ﬁnd b1Afa; bg> such that b1AD32ðyÞ; and so yAD32ðb1Þ: Because
ta ¼ tðb; b1Þ and tðb; b1Þ does not ﬁx y; (12.1.1) holds.
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From (12.1.1) we clearly have txata for xAD32ðaÞ: Suppose that xAD12ðaÞ,D22ðaÞ:
Then, by Theorem 5 (looking at line orbits of sizes 42 and 420), we may ﬁnd
bAfa; xg> and yAfb; xg> so as yAD32ðaÞ: Since tx will ﬁx y; (12.1.1) implies that
txata: Hence txata when xAD2ðaÞ:
Since, by Theorem 10, O2ðGaxÞ ¼ 1 for xAD14ðaÞ; clearly txata for xAD14ðaÞ:
Now we consider the case xAD3ðaÞ: Suppose tx ¼ ta; and argue for a contra-
diction. If xAD13ðaÞ,D33ðaÞ,D43ðaÞ; then, in view of the point distribution of
the line orbit ½0; 30; 1; 32S; a22 in Theorem 6, we deduce that ta ﬁxes a point z in
D43ðaÞ: Therefore taAZðGazÞ: Hence, by the structure of Gaz given in Theorem 9,
taAQðzÞ: Again by Theorem 9, using the point distribution of the lines in the U1
orbit, we infer that ta ﬁxes a point in D32ðaÞ; contradicting (12.1.1.). Finally assume
that xAD23ðaÞ: Looking at the line orbit ½7; 8; 0; 0P in Theorem 7 we see that ta
must ﬁx a point in D32ðaÞ; again contradicting (12.1.1). This completes the proof of
Lemma 12.1. &
Lemma 12.2. Ga ¼ CGðtaÞ:
Proof. By (2.1)(v) GapCGðtaÞ and hence, by Lemma 12.1, Ga ¼ CGðtaÞ: &
Proof of Theorem 11. Combining (2.1)(v) and Lemma 12.2 with [1] yields
that either G ¼ CGðtaÞO20 ðGÞ ¼ GaO20 ðGÞ or G is isomorphic to BM:
Suppose the former were to hold. Then, since O20 ðCGðtaÞÞ ¼ 1; CO20 ðGÞðtaÞ ¼ 1;
whence O20 ðGÞ is abelian. Now 13 divides jGj to the ﬁrst power and 13[jGaj:
So for RASyl13G; RpO20 ðGÞ: Therefore RIG: Consequently, as
CGðtaÞ ¼ Ga is perfect, ½CGðtaÞ; R ¼ 1 which contradicts Lemma 12.2.
Thus we conclude that G is isomorphic to BM: Identifying the objects
of G with appropriate subgroups of G it follows that GDGBM ; so proving
Theorem 11. &
Appendix
xAD1ðaÞ
Orbit Point distribution Location
fx þ ag fag2D1 Lemma 3:9
a1ðx; x þ aÞ 3D1 Lemma 3:9
a12ðx; x þ aÞ D12D12 ð2:4ÞðiÞ
a22ðx; x þ aÞ D12D22 ð2:4ÞðiiÞ
a23ðx; x þ aÞ D12D32 ð2:4ÞðiiiÞ
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xAD12ðaÞ
Orbit Point distribution Location
P D12D12 Theorem 4:4ðiiÞ;Lemma 4:3ðiiiÞ
½7; 8; 0; 0P 2D12D22 Lemma 4:10ðiiÞ
½3; 8; 4; 0P 3D12 Lemma 4:13
½1; 12; 2; 0P D122D32 Lemma 4:12ðiÞ; ðiiiÞ
½0; 7; 0; 8P D122D23 ð2:4ÞðvÞ
½0; 6; 1; 8P D122D13 Theorem 5:5ðiiiÞ
xAD22ðaÞ
Orbit Point distribution Location
S D12D22 Theorem 4:8ðiiÞ;Lemma 4:7ðiiiÞ
½7; 56; 0; 0S 2D12D22 Lemma 4:10ðiiÞ
½1; 20; 10; 32S D222D32 Lemma 4:15ðiÞ; ðiiiÞ
½0; 30; 1; 32S D222D13 ð2:4ÞðivÞ
xAD32ðaÞ
Orbit Point distribution Location
fx þ ygðfyg ¼ fa; xg>Þ D12D32 Theorem 4:9ðiiÞ
ða1; x þ y;þÞ D222D32 Lemma 4:15ðiÞ; ðiiiÞ
ða1; x þ y;Þ D122D32 Lemma 4:12ðiÞ; ðiiiÞ
ða12; x þ y;þÞ D322D23 Lemma 6:2
ða12; x þ y;Þ D322D13 Lemma 5:7
ða22; x þ y;þÞ 3D32 Lemma 5:9
ða22; x þ y;Þ D322D13 Theorem 5:5ðivÞ
ða3; x þ y;73Þ D322D43 ð2:4ÞðviiÞ
ða3; x þ y;71Þ D322D33 ð2:4ÞðviÞ
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xAD13ðaÞ
Orbit Point distribution Location
fx þ ygðfyg ¼ D1ðxÞ-D22ðaÞÞ D222D13 Lemma 5:4
H4 D122D13 Theorem 5:5ðiiiÞ
H2 D322D13 Theorem 5:5ðivÞ
½7; 56; 0; 0S ; a1 D322D13 Lemma 5:7
½7; 56; 0; 0S ; a12 2D13D23 Lemma 7:1
½1; 20; 10; 32S; a1 3D13 Lemma 7:2
½1; 20; 10; 32S; a12 3D13 Lemma 7:3
½1; 20; 10; 32S; a22 D132D23 Lemma 7:4
½1; 20; 10; 32S; a3 D132D33 Lemma 10:7
½0; 30; 1; 32S; a12 D132D33 Lemma 7:5
½0; 30; 1; 32S; a22 D13D33D43 Lemma 7:6
½0; 30; 1; 32S; a3 D132D4 Lemma 9:2
xAD23ðaÞ
Orbit Point distribution Location
P D122D23 Lemma 11:4ðiÞ
½7; 8; 0; 0P D322D23 Lemma 11:4ðiiÞ
½3; 8; 4; 0P 2D13D23 Lemma 11:4ðiiiÞ
½1; 12; 2; 0P D132D23 Lemma 11:4ðivÞ
½0; 7; 0; 8P D232D14 Lemma 11:4ðvÞ
½0; 6; 1; 8P D232D33 Lemma 11:4ðviÞ
xAD33ðaÞ
Orbit Point distribution Location
CS D322D33 Theorem 10:3ðiiÞ
½15; 0; 12; 0CS D13D33D43 Theorem 10:3ðiiÞ
½1; 8; 2; 16CS D132D33 Lemma 10:7
½3; 24; 0; 0CS D132D33 Lemma 10:8
½1; 0; 10; 16CS D232D33 Lemma 10:9ðiÞ
½0; 10; 5; 12CS D332D14 Lemma 10:10ðiÞ
½0; 10; 1; 16CS 3D33 Lemma 11:5
½0; 15; 0; 12CS 2D33D14 Lemma 11:2ðiiÞ
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xAD43ðaÞ
Orbit Point distribution Location
U1 D322D
4
3 Lemma 8:6
U2 D432D
1
4 ð2:4ÞðviiiÞ
U3 D13D
3
3D
4
3 Lemma 8:5ðiÞ
xAD14ðaÞ
Orbit Point distribution Location
HS D432D14 Lemma 9:5
½6; 60; 2; 32HS D132D14 Lemma 9:6
½0; 8; 28; 64HS D232D14 Lemma 11:1
½0; 60; 0; 40HS 2D33D14 Lemma 11:2
½1; 40; 5; 54HS D332D14 Lemma 10:10ðiiÞ
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